POLYNOMIAL ZERO FINDERS BASED ON SZEGO POLYNOMIALS
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Abstract. The computation of zeros of polynomials is a classical computational problem. This
paper presents two new zero finders that are based on the observation that, after a suitable change
of variable, any polynomial can be considered a member of a family of Szeg6 polynomials. Nu-
merical experiments indicate that these methods generally give higher accuracy than computing the
eigenvalues of the companion matrix associated with the polynomial.
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1. Introduction. The computation of the zeros of a polynomial
(1) Yp(2) =2" +ap_ 12" L+ a2+ ag, a; € C,

is a fundamental problem in scientific computation that arises in many diverse appli-
cations. The conditioning of this problem has been investigated by Gautschi [7, 8].
Several classical methods for determining zeros of polynomials are described by Henrici
[16, Chapter 6] and Stoer and Bulirsch [25, Chapter 5]. A recent extensive bibliogra-
phy of zero finders is provided by McNamee [20]. Among the most popular numerical
methods for computing zeros of polynomials are the Jenkins-Traub algorithm [17],
and the computation of the zeros as eigenvalues of the companion matrix
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associated with the polynomial (1) by the QR algorithm after balancing; see Edelman
and Murakami [6] and Moler [21]. Recently, Goedecker [9] compared these methods
and found the latter approach to be competitive with several available implementa-
tions of the Jenkins-Traub algorithm with regard to both accuracy and execution time
for polynomials of small to moderate degree.

This paper describes two new methods for computing zeros of polynomials. The
methods are based on the observation that, after a change of variable, any polynomial
can be considered a member of a family of Szegd polynomials. The new zero finders
use the recursion relation for the Szeg6 polynomials, which are defined as follows. Let
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w be a nondecreasing distribution function with infinitely many points of increase on
the unit circle in the complex plane and define the inner product
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3) (f,9) =5 [ fReR)dw®),  z=exp(it), i:=v-1,
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for polynomials f and g, where the bar denotes complex conjugation. We assume for
notational convenience that dw(t) is scaled so that (1,1) = 1. Introduce orthonormal
polynomials with respect to this inner product, ¢, ¢1, @2, ..., where ¢; is of degree j
with positive leading coefficient. These polynomials are known as Szeg6 polynomials
and many of their properties are discussed by Grenander and Szeg6 [15]. In particular,
they satisfy the recursion relation

$o(2) = ¢6(2) =1,
(4) Uj+1¢j+1(z) = Z¢](Z)—|—’7]+1¢;(Z), .7 :07172"'7n_17
oi419541(2) = Vjt129;(2) + 85(2),

where the recursion coeflicients ~;4: and the auxiliary coefficients 0,41 are defined
by

Yi+1 =~ )
J (5]
(5) Oj+1 = 0](1 - |’7j+1|2)a .7 = 07 1a27 ey
6j+1 = 6j0']'+1, 60 = 0p = 1.

It follows from (4) that the auxiliary polynomials ¢} satisfy

(6) ¢;(2) :== 2 ¢;(1/2).

The zeros of the Szegb polynomials are strictly inside the unit circle and all recursion
coefficients 7; are of magnitude smaller than one; see, e.g., [1, 15]. The leading
coefficient of ¢; is 1/4;.

The first step in the new zero finders of this paper is to determine recursion
coefficients {v; 7—1, such that the Szegd polynomial ¢, satisfies

(7) Onn (C) = 77?’%(2);
where
(8) ¢ =mn1z+n2,

and the constants 1, and 72 are chosen so that the zeros z; of 1), are mapped to zeros
¢; of ¢, inside the unit circle. We refer to this change of variable as a rescaling of
the monic polynomial v, (2). Its construction is discussed in Section 2. Thus, the
problem of determining the zeros of ¢, is reduced to the problem of computing the
zeros of a Szeg® polynomial of degree n. Section 3 considers two methods for this
purpose, based on a matrix formulation of the recursion relation (4). This gives an
n X n upper Hessenberg matrix whose eigenvalues are the zeros of ¢,,. We refer to
this matrix, which is described in [10], as the Szegd-Hessenberg matriz associated with
¢n. Having computed the eigenvalues (; of this matrix, we use the relation (8) to
compute the zeros z; of 1y,.



A third method for computing the zeros of 1, (2) is to use the power basis coeffi-
cients of the monic Szeg6 polynomial ®,(¢) := §,¢,(¢) of (7) to form the companion
matrix associated with ®,,, compute its eigenvalues, and transform these back to the
z-variable using (8). In other words, to use the companion matrix of the rescaled
monic polynomial ®,, instead of that of ¢,,. This method is included in the numerical
results we report in Section 4.

Section 4 compares the use of the QR algorithm with balancing for computing
the eigenvalues of the Szegd-Hessenberg, the companion matrix (2) of ¢,, and the
companion matrix of the rescaled polynomial ®,,. We note in passing that these
are all upper Hessenberg matrices. Balancing is commonly used for improving the
accuracy of the computed eigenvalues; see [6] for a discussion on balancing of the
companion matrix. In our experiments we found that when the parameters 1; and
712 for the rescaling are chosen so that all zeros of ¢,, are inside the unit circle and
one zero is close to the unit circle, the computed eigenvalues of the Szegi-Hessenberg
matrix and of the companion matrix of the rescaled polynomial (7) generally provide
more accurate zeros of ¥, than those of the companion matrix of ¢,,. This rescaling is
achieved by application of the Schur-Cohn test as described in Section 3. Numerous
computed examples, some of which are reported in Section 4, indicate that computing
eigenvalues of the Szegd-Hessenberg matrix after balancing often gives the zeros of
1y, with higher accuracy than computing eigenvalues of the companion matrix of the
scaled polynomial (7) after balancing. Both methods, in general, give higher accuracy
in the computed zeros than computing the zeros of v, as eigenvalues of the balanced
companion matrix.

The other zero finder for Szeg6é polynomials discussed in Section 3 is the contin-
uation method previously introduced in [2]. For many polynomials 4, this method
yields higher accuracy than the computation of the eigenvalues of the associated com-
panion or Szegd-Hessenberg matrices. Section 4 presents numerical examples and
Section 5 contains concluding remarks.

2. Computation of Szeg6 polynomials. Given a polynomial 1, (z) in power
basis form (1), we compute the recursion coefficients {;}7_; of the family of Szegé
polynomials {¢;}7_, chosen so that ¢, satisfies (7), by first transforming the polyno-
mial 1, so that the average of its zeros vanishes. Then we determine a disk centered
at the origin that contains all zeros of the transformed polynomial. The complex plane
is then scaled so that this disk becomes the unit disk. In this fashion, the problem of
determining the zeros of the polynomial ¢, has been transformed into an equivalent
problem of determining the zeros of a polynomial with all zeros in the unit disk. We
may assume that the latter polynomial has leading coefficient one, and identify it with
the monic Szegd polynomial ®,, = d,¢,. Given the power basis coefficients of &,
the recursion coefficients of the family of Szeg6 polynomials {¢;}7_, can be computed
by the Schur-Cohn algorithm. The remainder of this section describes details of the
computations outlined.

Let {2;}7_; denote the zeros of 9, and introduce the average of the zeros

1 n
9) pi= Ezzj'
j=1

Qn—1
n

polynomial (%) := 1, (2) can be written as

We evaluate this quantity as p = — , and define the new variable z = z — p. The

(10) Pn(8) = 8" + Q28" 2 4 -+ + éu 2 + do.
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The coefficients {o?j};‘;g can be computed from the coefficients {o; ;-1;01 in O(n?)
arithmetic operations.

We now scale the z-plane in two steps in order to move the zeros of zﬁn inside the
unit circle. Our choice of scaling is motivated by the following result mentioned by
Ostrowski [22].

PROPOSITION 2.1. Let x, be a polynomial of degree n of the form

(11) Xn(z) :zn+ﬁn72zn72+"'+ﬁlz+ﬁo,
and assume that

| =1.
0;;?322 134

Then all zeros of xn are contained in the open disk {z : |z| < (1 +V/5)} in the
complez plane.
Proof. Let z be a zero of x, and assume that |z| > 1. Then

2" = P22 — - = B1z — o,

and it follows that
n—2
. |Z|n71 -1
o < 3 Ja = B
2=
This inequality can be written as

(12) 21" (l? = |2] = 1) < -1

Since |2|2 — 2| =1 = (|z| — $(1 = v/5))(|2| — 3(1 + v/5)), inequality (12) can only hold
for [2| < £(1+/5). O
After the change of variable Z := 02, where o > 0 is chosen so that
max o/ |d, ;| =1,
2<j<n

the polynomial ¢, (%) := 0™, (2) satisfies the conditions of the proposition.
Define the scaling factor

2
13 T = .
(13) 1++5
By Proposition 2.1 the change of variables
(14) (:=171Z

yields a monic polynomial
(15) B (Q) = T"n(2)

with all zeros inside the unit circle.

We identify <I>$LT) with the monic Szegd polynomial J,,¢,, and wish to compute
the recursion coefficients {~; 71 that determine polynomials of lower degree {¢; ?;01
in the same family of Szeg6 polynomials; see (4). This can be done by using the
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relationship between the coeflicients of ¢; in power form and the coefficients of the
associated auxiliary polynomial. Specifically, it follows from (6) that if

J
(16) $i(2) = Bira",
k=0
then
J
$3(2) = Bik 52"
k=0

Thus, given the Szegd polynomial ¢,, in power form, we can determine the coefficients
of the associated auxiliary polynomial ¢} in power form, and apply the recursion
formula (4) “backwards” in order to determine the recursion coefficient 7, and the
coefficients of the polynomials ¢,_;1 and ¢}_; in power form. In this manner we can
determine the recursion coefficients ; for decreasing values of the index j.

The Schur-Cohn algorithm, see, e.g., Henrici [16, Chapter 6], is an implementa-
tion of these computations. The algorithm requires O(n?) arithmetic operations to
determine the recursion coefficients {;}}_; from the representation of ¢, in power
form (16).

We remark that the Schur-Cohn algorithm is known for its use in determining
whether a given polynomial, in power form, has all zeros inside the unit circle. In
this context it is known as the Schur-Cohn test; see [16, Chapter 6]. All zeros being
strictly inside the unit circle is equivalent with all recursion coefficients {; 7—1 being
of magnitude strictly smaller than one. We will return to this property of the recursion
coefficients in Section 3.

Perhaps the first application of the Schur-Cohn algorithm to the computation of
zeros of polynomials was described by Lehmer [18], who covered the complex plane
by disks and used the Schur-Cohn test to determine which disks contain zeros of
the polynomial. Lehmer’s method can be viewed as a generalization of the bisection
method to the complex plane. It is discussed in [16, Chapter 6].

3. The zero finders. We present two zero finders for ¢, and assume that the
recursion coefficients {v;}7_; as well as the auxiliary coefficients {o;}7_, are available.

3.1. An eigenvalue method. Eliminating the auxiliary polynomials ¢} in the
recursion formula (4) yields an expression for ¢, in terms of Szeg6 polynomials of
lower degree. Writing the expressions for the first n + 1 Szegd polynomials in matrix
form yields

(17) [¢0(2),¢1(2), -, Pn—1(2)[Hn = 2[d0(2); $1(2), - - In-1(2)]

- [0,;0,¢n(z)];
where
I -1 —O017%2 —010273 —01°°0Opn—-17n 1
o1 —ViY2 —M10273 e Y102 Op—17n
o9 _7273 P _720-3 P o—n_lryn
(18)Hn = . ; I= Qnxn
On—2 _ﬁn—ern—l _Wn—2o'n—1fyﬂ
L O On—1 —Vn—17n
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is the Szegd-Hessenberg matriz associated with the Szegd polynomials {¢, }]T”:O; see
[10]. Equation (17) shows that the eigenvalues of the upper Hessenberg matrix H,, are
the zeros of ¢,,. Thus, we can compute the zeros of ¢, by determining the eigenvalues
of H,.

Let ¢;, 1 < 5 < n, denote the zeros of ¢,. The scaling parameters 71 and 72 in
(8) are chosen so that all zeros of ¢, are inside the unit circle. However, for some
polynomials 1, the scaling may be such that

Kp = 121;2(n|9| <L

We have noticed that we can determine the zeros of v,, with higher accuracy when
the disk is rescaled to make k, close to one. Such a rescaling is easy to achieve by
repeated application of the Schur-Cohn test as follows. Instead of scaling Z by the
factor (13) in (14), we scale # by 7 := v/2/(1 4+ +/5) and apply the Schur-Cohn test to
determine whether all zeros of the scaled polynomial (15) so obtained are inside the
unit circle. If they are not, then we increase the scaling factor 7 in (14) by a factor
AT := (2/(1 4+ v/5))'/19 and check whether the (re)scaled polynomial (15) obtained
has all zeros inside the unit circle. The scaling factor 7 is increased repeatedly by the
factor A7 until the polynomial (15) has all its zeros inside the unit circle. On the
other hand, if the polynomial (15) associated with the scaling factor 7 = v/2/(1+/5)
has all zeros inside the unit circle, we repeatedly decrease 7 by a factor (A7)~! until
a scaling factor 7 has been determined, such that all zeros of the polynomial <I>£LT) are
inside the unit disk, but at least one zero of @%T/ A7) is not. Our choice of scaling
factor 7 in (14) assures that the monic polynomial (15) has all its zeros inside the
unit circle and (at least) one zero close to the unit circle.

The scaling factors 7 in (14) for the computed examples reported in Section 4
have been determined as described above. In our experience, the time spent rescaling
the disk is negligible compared to the time required to compute the eigenvalues of
H,, because each rescaling only requires O(n?) arithmetic operations.

After determining the scaling factor 7 as described above and computing the
recursion coefficients {;}7_; via the Schur-Cohn test, we form the Szegd-Hessenberg
matrix (18), balance it, and compute its eigenvalues using the QR algorithm.

3.2. A continuation method. Similarly as in the method described in Sub-
section 3.1, we first determine the recursion coefficients of the Szegd polynomials
{#;}}=0, such that equation (7) holds, as described above. We then apply the con-
tinuation method for computing zeros of Szeg6 polynomials developed in [2]. In this
method the Szegdé-Hessenberg matrix (18) is considered a function of the last recursion
parameter 7,. Denote this parameter by ¢ € C and the associated Szeg6-Hessenberg
matrix by H,(t). Thus, we write the matrix (18) as H,(v,). When |t| = 1, the
Szegl-Hessenberg matrix H,(t) is unitary. Assume that v, # 0. Then H,(vn/|7xl)
is the closest unitary matrix to Hy(y,); see [2] for details. The continuation method
for computing zeros of Szeg6 polynomials consists of the following steps:

i) Compute the eigenvalues of the unitary upper Hessenberg matrix H,, (yn/|Vnl|)-

ii) Apply a continuation method for tracking the path of each eigenvalue of the

matrix H,(t) as t is moved from v, /|vn| to yn-
Several algorithms that require only O(n?) arithmetic operations for the computations
of step i) are available; see, e.g., [4, 5, 11, 12, 13, 14]. If the coefficients a; in (1) are
real, then the method discussed in [3] can also be applied. These methods compute
the eigenvalues of H,(yn/|vn|) without explicitly forming the matrix elements. In
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the numerical experiments reported in Section 4, we used the implementation [4] of
the divide-and-conquer method described in [13, 14]. The computations required for
this method can readily be implemented on a parallel computer. This may be of
importance in the application of the zero finder in real-time filter design; see, e.g.,
Parks and Burrus [23] and references therein for more on this application of polynomial
zero finders.

We have found that for many polynomials 1, the continuation method deter-
mines the zeros with higher accuracy than the method discussed in Subsection 3.1.
The continuation method determines the zeros of the Szeg6 polynomial ¢,, close to
the unit circle particularly rapidly. However, our present implementation of the con-
tinuation method may fail to determine all zeros for some polynomials v, when the
path following is complicated by (numerous) bifurcation points. These cases are easy
to identify; see [2] for a discussion and remedies.

We remark that other continuation methods also are available, such as the method
proposed by Li and Zeng [19] for computing the eigenvalues of a general Hessenberg
matrix. This method does not use the structure of the Hessenberg matrices (18), i.e.,
the fact that the last recursion coefficient 7y, is a natural continuation parameter.
However, it may be possible to apply some techniques developed in [19] to improve
the performance of the continuation method of this paper; see [2] for a discussion and
references to other continuation methods.

4. Computed examples. We present the results of several computed exam-
ples which illustrate the performance of the zero finders discussed in Section 3. The
computer programs used were all written in FORTRAN 77, and the numerical exper-
iments were carried out on a SUN SparcStation 5 in single-precision arithmetic, i.e.,
with approximately 7 significant decimal digits of accuracy, except where explicitly
stated otherwise. The eigenvalues of the companion and Szegé-Hessenberg matrices
were computed by single-precision subroutines from EISPACK [24].

In our experiments, we input a set of n real or complex conjugate zeros of the
polynomial ¢, see (1), and compute the coefficients o; of the power basis representa-
tion by a recursion formula. These computations are carried out in double-precision
arithmetic, i.e., with about 15 significant digits, in order to avoid loss of accuracy. Af-
ter their computation, the a; are stored as single-precision real numbers. We now seek
to determine the zeros of 9, given the coeflicients a;;, with one of several methods:

CB: The QR algorithm applied to the companion matrix (2) of 1, after
balancing, using the EISPACK routines balanc and hqr.

CBS: The QR algorithm applied to the companion matrix of the monic Szegd
polynomial ®,,, after balancing, using the EISPACK routines balanc and
hqr.

SHB: The QR algorithm applied to the Szeg6-Hessenberg matrix after bal-
ancing, using the EISPACK routines balanc and hqr.

CM: The continuation method for real Szeg6-Hessenberg matrices, described
in [2].

We compare the following computed quantities:

Residuals: The maximum modulus of the values of the initial monic polyno-
mial 9, in power form (1) at the computed roots.

Differences: The computed zeros are put into correspondence with the initial
zeros, which were used to generate 1), as described above, and the maximum
difference after this pairing is computed. Note that this is not exactly the
error in the computed zeros; the error is the maximum difference of the com-
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puted roots and the exact roots of the monic polynomial 1),,. However, since
the coefficients of v,, were computed from the given zeros in floating-point
arithmetic, the exact zeros of the 1, need not be close to the input zeros.
Nevertheless, the computed differences provide a way to compare the various
methods.

In the tables we also display in the column labeled %, the residuals computed
at the input zeros; i.e. at the zeros that were used to compute the power basis
coefficients of 9,,. This provides some indication of how ill-conditioned the roots of
1, and the computation of its power basis coefficients are, as well as an indication of
the significance of the differences and the other computed residuals that are displayed.

The polynomials v, in all computed examples except those for Tables 7-8 have
real or complex conjugate zeros uniformly distributed in a disk

(19) Dr:={z:|2| <R} CC.

In particular, the coefficients «;; in the representation (1) are real. We generate zeros
of ¥, in Dg as follows. Two random numbers are determined according to a uniform
distribution on the interval [—R, R], and used as the real and imaginary parts of a
candidate zero z. If 2 € Di and Im(z) > 1-107%, then both z and z are accepted
as zeros of ¢,. If z € Dr and Im(z) < 1-107% then Re(z) is accepted as a real
zero of 1,,. The purpose of the condition on the imaginary part of z is to avoid that
1, has very close zeros. We generate candidate points until n zeros of 1, have been
determined. When n is odd, then at least one of the zeros of 9, is in the real interval
[-R, R].

Table 1 shows results for 10 polynomials 115 generated in this manner with zeros
in the disk D;. We display the maximum modulus of the residuals and the maximum
difference of the computed zeros with the input zeros for the methods CB, SHB, CM,
and CBS. The results for CM for one of these 10 polynomials are marked with a “-” to
indicate that the continuation method did not yield all n zeros. The averages for CM
ignore the entries marked by -. In Table 1 the standard companion matrix approach
(CB) consistently yields the least accuracy as measured both by the residuals and by
the differences with the input zeros.

The integer arrays at the bottom of Table 1 display the relative performance of
the algorithms. The (4, k) entry for j > k is the number of times the jth algorithm
gave smaller maximal differences or residuals than the kth algorithm, and the (j,7)
entry indicates the number of times the jth algorithm gave the smallest maximal
differences or residuals among the four methods compared. For example, the arrays
for Table 1 show that CM produces the smallest residuals for 7 of the 10 polynomials
generated. This count includes the polynomial for which CM failed to determine all
zeros. The maximum residual for CM was smaller than for CB, SHB, and CBS for 9,
8, and 8 polynomials, respectively. CB produced larger residuals than any of the other
three methods for all polynomials, except for the polynomial for which CM failed to
determine all zeros.

Table 2 gives the results for 10 polynomials of degree 15 with uniformly distributed
real and complex conjugate zeros in the disk D,. In this experiment, CM successfully
determined all zeros of all polynomials.

Tables 3-4 show summary data for 100 polynomials of each of several degrees
n with uniformly distributed real and complex conjugate zeros in the disk D;. We
display in Tables 3 the average of the maximum differences and the average of the
maximum residuals for the methods CB, SHB and CBS over all polynomials. For
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TABLE 1
Ten polynomials of degree n = 15 with zeros in D;

Differences: CB SHB CM CBS
6.67E-05 4.89E-06 4.57E-06 6.82E-06
1.66E-03 7.57E-05 5.49E-05 2.11E-04
1.20E-01 3.06E-03 - 1.83E-02
8.41E-04 2.45E-05 3.91E-05 6.22E-04
9.66E-04 5.88E-05 5.82E-05 1.51E-04
2.75E-05 5.20E-07 1.79E-07 2.40E-06
3.34E-05 5.75E-06 2.71E-07 2.05E-05
1.67E-05 2.85E-06 2.25E-06 5.52E-05
2.72E-04 6.60E-06 7.48E-07 3.77E-05
7.60E-05 1.16E-06 7.40E-07 3.30E-06

Averages: 1.24E-02 3.24E-04 1.79E-05 1.94E-03

Residuals: CB SHB CM CBS Un
3.85E-06 9.06E-07 4.89E-07 1.10E-06 6.94E-07
3.31E-07 9.68E-08 2.05E-08 1.15E-07 1.47E-08
3.16E-05 1.30E-05 - 2.41E-05 5.80E-07
2.48E-06 9.15E-07 3.16E-07 1.47E-06 6.62E-08
5.24E-06 6.74E-07 1.18E-06 1.50E-06 3.58E-07
8.64E-08 2.13E-08 1.47E-08 4.12E-08 2.18E-09
1.87E-06 6.88E-07 5.66E-07 8.80E-07 2.92E-08
2.93E-06 2.48E-06 2.76E-07 2.71E-06 4.34E-08
2.14E-07 7.87E-08 6.35E-08 3.23E-08 6.32E-09
1.07TE-06 4.44E-07 9.72E-08 9.11E-07 2.11E-08

Averages: 4.97E-06 1.93E-06 3.36E-07 3.28E-06 1.82E-07

Differences Residuals
CB 0 0
SHB 10 2 10 2
CM 9 8 8 9 8 7
CBS 9 0 1 0 10 1 2 1

CM we compute these averages only over those polynomials for which the method
successfully determined all zeros. The number of those polynomials of each degree n,
out of 100, is denoted by N and is displayed in the last column of Table 3.

In the experiments for Tables 5-6, we generated 100 polynomials of degree 20
with uniformly distributed real or complex conjugate zeros in disks (19) of radius R
for several different values of R. The entries in the columns “Average Differences”
and “Average Residuals” of Table 5 are computed as for Table 3. We display results
obtained for disks with radii between 0.2 and 3.

Finally, Tables 7-8 illustrate the performance of the zero finders for polynomials
2o with real zeros only. The zeros are uniformly distributed in the interval [—1, 1].
Tables 7-8 are analogous to Tables 3-4. We see that CBS often gives significantly
higher accuracy than CB, and SHB usually yields slightly higher accuracy than CBS.
Our present implementation of CM is able to accurately determine all or most zeros
for the polynomials in this experiment of fairly low degree, n < 10, only, due to
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TABLE 2
Ten polynomials of degree n = 15 with zeros in D2

Differences: CB SHB CM CBS
3.06E-04 4.98E-05 4.25E-05 9.49E-05
1.47E-04 4.30E-05 4.22E-05 8.30E-05
9.99E-06 2.40E-06 2.67E-07 8.38E-06
5.97E-06 3.04E-05 2.09E-06 1.59E-05
2.72E-04 3.44E-05 3.05E-05 3.37E-05
1.10E-06 1.77E-06 5.06E-07 1.53E-06
4.77TE-04 1.56E-05 1.78E-05 5.08E-05
7.30E-04 1.02E-03 8.53E-04 8.76E-04
7.92E-06 2.82E-06 1.53E-06 6.90E-06
4.88E-04 8.80E-05 1.33E-05 1.55E-04

Averages: 2.44E-04 1.29E-04 1.00E-04 1.33E-04

Residuals: CB SHB CM CBS Un
5.85E-02 6.82E-03 1.11E-02 6.22E-03 1.06E-03
1.50E-01 3.04E-02 1.96E-02 4.09E-02 1.95E-02
8.29E-02 1.90E-02 4.67E-03 1.26E-02 2.27E-03
4.56E-01 4.67E-01 2.94E-02 2.13E-01 7.14E-03
1.98E-03 2.93E-03 &.92E-04 8.11E-04 1.00E-03
1.77E-02 1.92E-02 7.89E-03 7.24E-03 1.30E-03
7.42E-01 3.88E-01 4.22E-01 5.35E-01 1.84E-02
9.64E-03 7.14E-03 3.95E-03 1.23E-02 4.08E-03
7.70E-02 2.89E-02 2.19E-02 1.21E-01 4.53E-03
3.02E-02 3.05E-03 6.00E-04 4.11E-04 2.43E-03

Averages: 1.62E-01 9.73E-02 5.22E-02 9.50E-02 6.17E-03

Differences Residuals
CB 1 0
SHB 7 1 7 1
CM 9 9 8 10 8 5
CBS 7 4 0 0 8 6 4 4

numerous bifurcation points encountered during path following. The performance of
CM might be improved by using a more sophisticated path following method; see [2]
for a discussion.

In addition to the examples reported above, we carried out numerous numerical
experiments with the zero finders applied to polynomials whose zeros were uniformly
distributed in squares and wedges in the complex plane. The performance of the zero
finders for these problems is similar to the performance reported in the Tables 1-6,
and we therefore omit the details. We noted that for some classes of problems CBS
performed comparatively better than in the Tables 1-6, and gave about the same
accuracy as SHB. In all examples considered, CB gave the poorest overall accuracy.

5. Conclusions. Numerous numerical experiments, some of which have been
presented in Section 4, indicate that the polynomial zero finders CBS, CM and SHB
presented in this paper, in general, yield higher accuracy than computing eigenvalues
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TABLE 3
Comparison of methods for 100 polynomials of each degree n with zeros in D;

Average Differences

n CB SHB CM CBS N
10 1.20E-03 1.78E-05 1.75E-05 2.08E-05 99
15 3.12E-03 1.34E-04 1.14E-02 3.22E-04 94
20 3.48E-02 6.59E-03 T7.2TE-03 9.89E-03 86
30 1.75E-01 5.28E-02 1.67E-03 1.04E-01 47
40 3.95E-01 1.60E-01 1.07E-03 3.20E-01 12
Average Residuals
n CB SHB CM CBS U, N

10 1.70E-06 1.09E-06 3.58E-07 9.85E-07 1.20E-07 99
15 6.99E-06 2.89E-06 7.89E-07 3.39E-06 2.95E-07 94
20 4.06E-03 9.95E-06 1.90E-06 2.35E-05 8.01E-07 86
30 3.08E+01 7.52E-03 1.36E-05 1.03E-03 4.83E-06 47
40 1.05E+04 3.92E-02 6.31E-06 4.30E-02 4.64E-05 12

of the associated balanced companion matrix, the CB method. When CM finds all
zeros, this method typically yields the highest accuracy. Presently, we are using
a fairly simple path following scheme described in [2], and this implementation of
CM may occasionally fail to find all zeros. Our numerical experiments suggest that
CM with an improved path following scheme would be an attractive zero finder.
Alternatively, one can use CM as presently implemented and switch to a different
zero finding method when CM fails to determine all zeros. This approach has the
advantage of allowing us to keep the path following scheme simple. The numerical
examples of Section 4, as well as other examples not reported, indicate that the SHB
method may be a good method to switch to. It is simple to implement and often gives
higher accuracy than the CB and CBS methods.

REFERENCES

[1] N.I. Akhiezer, The Classical Moment Problem, Oliver and Boyd, London, 1965.

[2] G.S. Ammar, D. Calvetti and L. Reichel, Continuation methods for the computation of zeros
of Szegd polynomials, Linear Algebra Appl., 249 (1996), pp. 125-155.

[3] G.S. Ammar, W. B. Gragg and L. Reichel, On the eigenproblem for orthogonal matrices, in
Proceedings 25th IEEE Conference on Decision and Control, Athens, 1986, pp. 1963-1966.

[4] G. S. Ammar, L. Reichel and D. C. Sorensen, An implementation of a divide and conquer
algorithm for the unitary eigenproblem, ACM Trans. Math. Software, 18 (1992), pp. 292—
307, and Algorithm 730, ACM Trans. Math. Software, 20 (1994), p. 161.

[5] A. Bunse-Gerstner and L. Elsner, Schur parameter pencils for the solution of the unitary
eigenproblem, Linear Algebra Appl., 154-156 (1991), pp. 741-778.

[6] A. Edelman and H. Murakami, Polynomial roots from companion matrix eigenvalues, Math.
Comp., 64 (1995), pp. 763-776.

[7] W. Gautschi, On the condition of algebraic equations, Numer. Math., 21 (1973), pp. 405-424.

[8] W. Gautschi, Question of numerical condition related to polynomials, in Studies in Numerical
Analysis, ed. G. H. Golub, The Mathematical Association of America, 1984, pp. 140-177.

[9] S. Goedecker, Remark on algorithms to find roots of polynomials, SIAM J. Sci. Comput., 15
(1994), pp. 1059-1063.

[10] W. B. Gragg, Positive definite Toeplitz matrices, the Arnoldi process for isometric operators,
and Gaussian quadrature on the unit circle, J. Comput. Appl. Math., 46 (1993), pp. 183-
198. This is a slight revision of a paper originally published (in Russian) in Numerical
Methods in Linear Algebra, ed. E. S. Nikolaev, Moscow Univ. Press, 1982, pp. 16-32.
[11] W. B. Gragg, The QR algorithm for unitary Hessenberg matrices, J. Comput. Appl. Math., 16

11



(12]

(13]

[14]

(21]

(22]

(23]

TABLE 4
Comparative counts for 100 polynomials for each degree n with zeros in D1

n =10 Differences Residuals

CB 0 2

SHB 97 12 79 13

CM 99 83 71 95 81 74
CBS 90 28 20 17 78 39 15 11
n =15 Differences Residuals

CB 0 2

SHB 100 17 78

CM 97 80 78 95 85 81
CBS 8 16 9 5 71 48 12 9
n =20 Differences Residuals

CB 0 4

SHB 97 15 79 16

CM 88 78 17 88 79 73
CBS 8 19 17 8 70 32 18 7
n =30 Differences Residuals

CB 1 8

SHB 97 42 84 29

CM 61 55 53 58 50 46
CBS 73 6 40 4 73 29 48 17
n = 40 Differences Residuals

CB 4 8

SHB 94 74 88 55

CM 26 17 16 19 13 12
CBS 61 8 78 6 76 29 83 25

(1986), pp. 1-8.

W. B. Gragg, Stabilization of the UHQR algorithm, in Advances in Computational Mathe-
matics, eds. Z. Chen, Y. Li, C. Micchelli and Y. Xu, Lecture Notes in Pure and Applied
Mathematics, vol. 202, Marcel Dekker, Hong Kong, 1999, pp. 139-154.

W. B. Gragg and L. Reichel, A divide and conquer method for the unitary eigenproblem, in
Hypercube Multiprocessors 1987, ed. M. T. Heath, STAM, Philadelphia, 1987, pp. 639-647.

W. B. Gragg and L. Reichel, A divide and conquer method for unitary and orthogonal eigen-
problems, Numer. Math., 57 (1990), pp. 695-718.

U. Grenander and G. Szeg6, Toeplitz Forms and Applications, Chelsea, New York, 1984.

P. Henrici, Applied and Computational Complex Analysis, vol. 1, Wiley, New York, 1974.

M. A. Jenkins and J. F. Traub, A three-stage variable shift iteration for polynomial zeros and
its relation to generalized Ritz iteration, Numer. Math., 14 (1970), pp. 252-263.

D. H. Lehmer, A machine method for solving polynomial equations, J. Assoc. Comput. Mach.,
8 (1961), pp. 151-162.

T.-Y. Li and Z. Zeng, Homotopy-determinant algorithm for solving nonsymmetric eigenvalue
problems, Math. Comp., 59 (1992), pp. 483-502.

J. M. McNamee, An updated supplementary bibliography on roots of polynomials, J. Comput.
Appl. Math., 110 (1999), pp. 305-306. This reference discusses the bibliography. The actual
bibliography is available on the world wide web at http://www.elsevier.nl/locate/cam.

C. Moler, Cleve’s corner: roots - of polynomials, that is, The MathWorks Newsletter, v. 5, n.
1 (1991), pp. 8-9.

A. M. Ostrowski, A method for automatic solution of algebraic equations, in Constructive
Aspects of the Fundamental Theorem of Algebra, eds. B. Dejon and P. Henrici, Wiley-
Interscience, London, 1969, pp. 209-224.

T. W. Parks and C. S. Burrus, Digital Filter Design, Wiley, New York, 1987.

12



TABLE 5
Comparison of methods for 100 polynomials of degree n = 20 for each radius R

Average Differences

R CB SHB CM CBS N
0.2 296E-01 1.54E-03 1.25E-03 2.01E-03 86
0.7 9.76E-02 4.45E-03 5.59E-04 6.54E-03 84
1.0 348E-02 6.59E-03 7.27E-03  9.89E-03 86
1.5 220E-02 1.16E-02 8.55E-04 1.84E-02 83
3.0 6.81E-02 2.32E-02 1.71E-03 3.38E-02 83
Average Residuals
R CB SHB CM CBS Un N

0.2 6.79E-10 1.32E-19 2.27E-20 1.15E-19 7.20E-21 86
0.7 4.69E-07 7.86E-09 1.73E-09 7.43E-09 5.79E-10 84
1.0 4.06E-03 9.95E-06 1.90E-06 2.35E-05 8.01E-07 86
1.5 6.91E+01 4.03E-02 5.13E-03 7.10E-02 3.15E-03 83
3.0 1.17E+08 4.06E4+04 5.50E4+03 6.79E+04 3.30E4+03 83

[24] B. Smith, J. Boyle, Y. Ikebe, V. Klema and C. Moler, Matrix Eigensystem Routines: EISPACK
Guide, Springer, Berlin, 2nd ed., 1976.

[25] J. Stoer and R. Bulirsch, Introduction to Numerical Analysis, 2nd ed., Springer, New York,
1993.

13



TABLE 6
Comparative counts for 100 polynomials of degree n = 20 for each radius R

R =02 Differences Residuals

CB 0 0

SHB 100 22 100 12

CcM 100 73 72 100 79 73

CBS 100 23 15 6 100 48 20 15

R=0.7 Differences Residuals

CB 0 0

SHB 100 19 100 10

CM 91 81 76 90 80 75

CBS 100 15 17 5 100 35 20 15

R=1.0 Differences Residuals

CB 0 4

SHB 97 15 79 16

CcM 88 78 77 88 79 73

CBS 8 19 17 8 70 32 18 7

R=1.5 Differences Residuals

CB 7 4

SHB 58 18 7721

CM 87 76 T2 8 72 67

CBS 36 16 17 3 72 37 21 8

R=3.0 Differences Residuals

CB 4 0

SHB 66 16 95 22

CcM 89 78 76 89 69 66

CBS 44 17 17 4 90 37 22 12
TABLE 7

Comparison of methods for 100 polynomials of each degree n zeros in [—1,1]

Average Differences
n CB SHB CBS
10 8.73E-03 1.53E-03 3.16E-03
15 5.83E-02 1.43E-02 3.47E-02
20  2.07E-01 8.64E-02 1.67E-01
30 4.97E-01 2.93E-01 5.62E-01
40 7.18E-01 5.62E-01 7.94E-01

Average Residuals
n CB SHB CBS U
10 7.90E-07 4.64E-07 4.23E-07 6.92E-08
15 1.59E-06 &8.51E-07 1.48E-06 9.62E-08
20 1.03E-05 4.05E-06 9.74E-06 2.69E-07
30 3.07E-04 5.24E-05 8.11E-05 7.90E-07
40 3.70E+01 5.01E-02 6.71E-02 3.34E-06
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Comparative counts for 100 polynomials of each degree n with zeros in [—1,1]

TABLE 8

n =10 Differences Residuals
CB 2 6

SHB 96 31 71 23
CBS 49 7 74 59 28
n =15  Differences Residuals
CB 2 17

SHB 98 63 75 50
CBS 75 4 60 31 26
n =20 Differences Residuals
CB 2 17

SHB 98 95 77 68
CBS 71 4 3 59 17 15
n =30 Differences Residuals
CB 10 7

SHB 89 &6 93 85
CBS 39 6 4 64 11 8
n =40 Differences Residuals
CB 19 10

SHB 78 67 88 80
CBS 37 20 13 53 11 10

15




