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Abstract

A new approach to the computation of the poles of a stable autoregressive system
from the reflection coefficients is proposed. Equivalently, we compute the zeros of Szego
polynomials from the associated Schur parameters. The numerical method utilizes an
efficient algorithm for computing the (unimodular) zeros of a unitary Hessenberg matrix;
this step can be regarded as the computation of the poles of an associated lossless system.
These eigenvalues are then used as starting points for a continuation procedure for finding
the zeros of the desired polynomial. The procedure is efficient and parallelizable, and
may therefore be suitable for real-time applications.

1. Introduction

Autoregressive models are of fundamental importance in time series analysis and discrete-
time control. For example, in linear prediction, one is often given the autocorrelation
matrix of a wide sense stationary real-valued signal {z;}°2

32 - This matrix is a real
symmetric positive definite Toeplitz matrix

Mty = [1tj-#]} k=0

For each positive integer p < n, the time series can be modeled as the response of an
autoregressive (AR) process of order p driven by white noise; i.e.,

P
Tj=wj— Y Rk, (1)
k=1

where {w;}52__ is a white noise process. The original time series is approximated by

the AR(p) process {2;}32__ , given by

P
Bj= =) arzjy.
k=1
The coefficients {ay},_; that minimize the mean square prediction error are determined

by solving the Yule-Walker equations of order p,

(831 H1
Mp : = - : . (2)

Qp Hp+1
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In the z-transform domain, the filter (1) takes the form

where

Ay(z) = kzi: apz"" (g = 1).

Since the transfer function (Ap(z))_l has no (finite) zeros, AR processes are also referred
to as all-pole filters. The above assumptions guarantee that the process (1) is stable; that
is, the zeros of A,(z) are all of modulus less than one. See, for example, [17, Chapter 6].

The entries of the Toeplitz matrix M, ;1 can be regarded as the moments of a dis-
tribution function on the unit circle in the complex plane. These moments can be used
to construct the associated inner product < -,- > on polynomials of degree at most n
by the linear extension of the identity < M, A\¥ >:= u; ;. The monic polynomials 1;(\)
that are orthogonal with respect to this measure are known as Szego polynomials in this
context. They are also called Levinson polynomials and backward predictor polynomials
in the engineering literature.

Szegb polynomials can be recursively computed using the well-known Levinson-Durbin
algorithm. This algorithm is equivalent with the use of the recursions formulas introduced
by Szego (see, e.g., [21, 15]) to construct the coefficients of the Szegé polynomials in the
power basis. In particular, the Szegé recursions for constructing the monic polynomials
Y; are given by

’E/jj+1()\) = )\'é/)j()\)+7j+1’€%j()\)a
Vit () = Ayipai(A) + i (A),

where ¥g(A) = I/NJO()\) =1, and

Vi1 = — < LA > [/ <abj b >

The recursion coefficients v; are known as Schur parameters, and also as Szegd parameters,
reflection coefficients, and partial correlation coefficients.

It follows from the Szego recursions that the auxiliary polynomials 'z;j()\) satisfy
1;]4()\) = Mi;(A71). These are known as forward predictor polynomials in linear pre-
diction. In fact, 'z;p()\) = A (A7) for 1 < p < n. Consequently, the zeros of A,(\) and
¥,(A) coincide.

The coefficients of the Szegd polynomial ,, in the power basis provide the recursive
realization of the autoregressive model of order n. On the other hand, the Schur parame-
ters provide the realization of the AR model as a lattice filter. The latter realization has
several advantages over the former. For example, the filter is stable if and only if each ~;
has modulus less than one. This condition can be easily enforced, even if the parameters
are corrupted by noise. In contrast, it is not clear how one can enforce the stability of a
filter in recursive form.

The zeros of the Szego polynomial i, provide another parameterization of the AR
model. Moreover, the knowledge of the poles is often desired. However, the difficulties
in reliably and efficiently computing of the zeros of the polynomial v, often discourages
their use in practice.

The most straightforward approach to computing the zeros of the polynomials v, is
to use a polynomial root-finder; see, e.g., [20, Sections 5.5-5.10] for a description of a



few methods. For several of these methods it is important that the zeros be determined
in an appropriate order; otherwise severe loss of accuracy in the computed roots may
result. Moreover, in order to obtain globally and quickly converging methods, several
iterative techniques may have to be employed. These considerations can make software
for reliable and quickly converging rootfinders fairly complicated. Consequently, the
problem of finding zeros of a polynomial should be replaced by the problem of computing
eigenvalues of a matrix when possible, see, e.g., the the discussion in [20, Section 5.5].

The most obvious way to replace the rootfinding problem with an eigenvalue problem
is to consider the Frobenius matrix (companion matrix) associated with the power basis
coefficients of the polynomial v,,. The Schur parameters determine another matrix whose
eigenvalues are the roots of 1,,. This is the upper Hessenberg matrix

Hy=H(v,...., %) = G1(11)G2(72) -Gt (Y1) G (), (3)

where (7;(;) is the (orthogonal) Givens matrix of order n that operates in the (j,7 + 1)
coordinate plane,

I
Gi(v;) = _Uj] (;j , 1<j<n

In—j—l

Here I, denotes the k x k identity matrix. The matrix Gn(’yn) is the truncated Givens
matrix

G = | g

The connection between Szegd polynomials and Hessenberg matrices of the form (3)
was uncovered by Gragg [12], who showed that the eigenvalues of H,, are the zeros of ,,.
More precisely,

Yn(z) = det[z], — H,]. (5)

If we use the QR-algorithm, see [10, Chapter 7] or [6], for computing the eigenvalues
of H,, then O(n®) arithmetic operations are required. It is the purpose of this paper to
outline a new algorithm that requires only O(n?) arithmetic operations, and, moreover,
has a structure that lends itself well to parallel computation. Our method is based on
the observation that the matrix H, is a rank-one modification of an orthogonal upper
Hessenberg matrix.



2. Orthogonal and Unitary Hessenberg Eigenproblems

Orthogonal upper Hessenberg matrices form an important special case of matrices in the

form (3).

Proposition 1 The following statements are equivalent:
o The autocorrelation matriz M, 1 is nonnegative definite and of rank n.
o The Schur parameters satisfy |y;| < 1 for 1 < j <n, and |vy,| = 1.
o The zeros of 1, () are pairwise distinct and of unit modulus.

e H, is an orthogonal Hessenberg matriz.

The eigenproblem for orthogonal, and more generally, unitary Hessenberg matrices,
is particularly nice. These are normal matrices with distinct eigenvalues, so numerical
complications due to multiple eigenvalues and nontrivial Jordan structure is avoided.
Moreover, several efficient (O(n?)) algorithms have been presented for solving eigen-
problems for orthogonal and unitary Hessenberg matrices. These include the unitary
Hessenberg QR algorithm [11], an algorithm for the orthogonal Hessenberg eigenproblem
using two half-size SVDs [3], divide-and-conquer methods [13, 14, 5], an approach based
on an associated generalized eigenproblem [7], and a bisection method [8].

Eigenproblems for orthogonal and unitary Hessenberg matrices are useful in frequency
estimation procedures that are based on finding the poles of lossless AR models such as
Pisarenko’s method and the Composite Sinusoidal Modeling method [4, 19].

In contrast, the eigenproblem for H, when |vy,| < 1 has a less tractable structure.
The eigenvalues are of modulus less than one, but they can be of arbitrary algebraic
multiplicity (although the geometric multiplicity of each eigenvalue is equal to one).
Moreover, the algorithms for unitary Hessenberg matrices do not extend to the “sub-
unitary” matrices H,. For example, the () R algorithm does not readily extend because
an orthogonal similarity transformation of H,, results in a Hessenberg matrix that cannot,
in general, be represented in the form (3).

We now propose the following approach to efficiently compute the eigenvalues of
H, = H(m,...,7,) with each |v;] < 1. Define the function

FONt) = det[\ — H,(1)], (6)

where
H,(t)=H(v,...,-1,(t))
and

a(t) = (1 =1)B 4+ ty,

with |3] = 1. Then the zeros of f(A,0) are the eigenvalues of an orthogonal Hessenberg
matrix, which can be quickly computed. These eigenvalues are then used as starting
points for a continuation method, in which we track the zeros of f(\,t) as ¢ varies from
0 to 1. The endpoints of these paths are then the eigenvalues of H,,.

The parameter 3 is chosen so that H,(0) is the closest orthogonal Hessenberg matrix
to H,(1) in any unitarily invariant norm. In particular, we choose [19]

3 = ’Vn/|7n| if v, 7&07
’ 1 if~»,=0



3. Predictor-Corrector Methods for Path Following

Our approach to the design of continuation methods for following the eigenvalues paths
is based on the algorithm presented by Li and Zeng [18] and on ideas given by Allgower
and Georg [1, 2].

Having determined the eigenvalues A;(0), 1 < j < n, of H,(0), we apply a continu-
ation method to track the eigenvalues of H,(t) as ¢ increases in order to determine the
spectrum of H,(1). This method is based on the identity

det[X;(t)1, — H,(t)] =0, 0<t<, 1<j5<n, (7)
which, in view of (6), yields
= o = A, i) |
0= L. = 10020 1 oy, )

for 1 <j<n.
Thus, if f(A, ) has only a simple zero at A;(¢), we obtain the differential equation

d —fe(A(1), 1) :
av 0= G LSIEn Y

Moreover, f(A,t), as well as f, and f;, can be efficiently evaluated in O(n) arithmetic
operations using the Szego recursions.

The eigenvalues A;(t), 1 <35 < n, of H,(t) are continuous functions of ¢. Moreover,
each A;(t) is a piecewise analytic function of ¢, for 0 < ¢ < 1, whose only singularities
are algebraic; see [16, Chapter 2]. A discussion on properties of the map ¢t — A;(¢) can
also be found in [18]. The purpose of the continuation method is to track the eigenvalue
paths

D, 0<t<1),  1<j<n

in order to determine the eigenvalues A;(1) of H, = H,(1) from the eigenvalues A;(0)
of H,(0). Toward this end, we apply a scheme described by Deuflhard and Hohmann
[9, Section 4.4.2] that uses Euler’s method as a predictor and Newton’s method as a
corrector. This scheme is closely related to the methods described in [1, Chapter 6].
Assume for the moment that A;(¢) is a simple eigenvalue of H,(t) for 0 <t < 1, and
let A;(tx) be explicitly known for a parameter value t; such that 0 < ¢, < 1. Let h be

a positive stepsize such that t,4; =t +h < 1. An approximation )\EI) of Aj(trs1) is
determined by applying Euler’s method with constant step length A to the differential
equation (9). We obtain

M ._ . — (A (), te)
)\] = )\](tk) + h f/\()\j(tk),tk) .

Typically, )\51) is not a sufficiently accurate approximation of A;(tx4+1). We determine
(2) (3
i N

equation f(z,tx+1) = 0 and start the iterations with z = )\5'1). We obtain

(10)

improved approximations A . of A;j(tk41) by applying Newton’s method for the

for £ :=1,2,3, ... until convergence do

RO = FOD 1) O, )

A;K—H) _ )\Eﬁ) . h(g);
N(tegr) i= )\§£+1)



Following Deuflhard and Hohmann [9], we require that the Newton corrections h®*)

satisf
’ AU 1
‘W) <3 (11)

for all £ < 1. If the condition (11) is violated for some value of ¢, then we reduce the step
length A according to

h:=2""%h

and determine a new value )\;1) by Euler’s method (10) with the reduced step length. The
(1)

value )\j now approximates A;(tx41) with t441 1=t +h . More accurate approximations
)\;2),)\5-3), . of Xj(tgq1) are, as above, determined by Newton’s method applied to the

equation f(z,tx41) = 0.
Conversely, assume that (11) is satisfied for all Newton corrections computed, and
1

h(2)

‘W 8

Then, after determining A(tx41), we increase, if possible, the step length h by a factor
21/2 according to

that moreover

<

ho:=min{2"%h, 1 —tp41}

before defining t549 := 11 + h.

Assuming that the number of arithmetic operations required to determine A;(1) from
A;(0) for each j grows only linearly with n, the spectrum of H,, can be computed in only
O(n?) arithmetic operations. Also note that, in principal, each eigenvalue A;(1) can be
determined from A;(0), independently of the other eigenvalues. This makes the method
well suited for parallel computation.

For some matrices H, (1), however, tracking the eigenvalue paths can require that
certain eigenvalues \;(t) be determined for a larger number of increasing values of ¢. This
may occur when an eigenvalue path has large curvature or when there is a bifurcation of
eigenvalue paths.

Generically, only two types of bifurcations can occur. The first type occurs when
a conjugate pair of eigenvalue paths meet on the real axis and become two real paths
moving on opposite directions. The second type occurs in an opposite situation, when
two real eigenvalues meet and become a complex conjugate pair. Other bifurcations are
quite unlikely, although possible. However, we have not yet observed the bifurcation of
two non-conjugate complex paths. Consequently, we are developing our algorithm to
handle bifurcations on the real axis only, using the approach of Li and Zeng [18].

After candidates for the terminal eigenvalues {1;(1)}%_, are obtained, we check these
for duplication. If there is duplication, we check the derivatives to see if the duplicated
eigenvalue is a multiple eigenvalue. If it is not, we repeat the path-following scheme on
these two paths with more stringent conditions (e.g., with a smaller initial stepsize hg).
We also try again for those paths that did not terminate properly.

Finally, if the modified hg is too small, the procedure terminates with an error flag
to signal to the user that all the eigenvalues were not found. If the user is not satisfied
with the eigenvalues that were found, a backup procedure, such as the QR algorithm for
general upper Hessenberg matrices, can be employed. Preliminary experiments indicate
the procedure will efficiently and successfully compute the eigenvalues of many matrices

H,.
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