CONTINUATION METHODS FOR THE COMPUTATION
OF ZEROS OF SZEGO POLYNOMIALS*

G. S. AMMAR!, D. CALVETTI*, AND L. REICHEL!

Abstract. Let {¢;}52, be a family of monic polynomials that are orthogonal with respect to
an inner product on the unit circle. The polynomials ¢; arise in time series analysis and are often
referred to as Szegb polynomials or Levinson polynomials. Knowledge about the location of their
zeros is important for frequency analysis of time series and for filter implementation. We present fast
algorithms for computing the zeros of the polynomials ¢, based on the observation that the zeros are
eigenvalues of a rank-one modification of a unitary upper Hessenberg matrix H,(0) of order n. The
algorithms first determine the spectrum of H,(0) by one of several available schemes that require only
O(n?) arithmetic operations. The eigenvalues of the rank-one perturbation are then determined from
the eigenvalues of H,(0) by a continuation method. The computation of the n zeros of ¢, in this
manner typically requires only O(n?) arithmetic operations. The algorithms have a structure that
lends itself well to parallel computation. The latter is of significance in real-time applications.
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1. Introduction. Let «(t) be a distribution function with infinitely many points
of increase in the interval [—m, 7], and assume that the moments associated with «(t),

1 s
(1.1) 1j

= ot i =0,4+1,4+2. ...
27T 77(6 0[( )7 ] 7 b b b

exist, where i = v/—1. Then there is a family of monic polynomials {¢;}72,, with
deg(¢;) = j, that are orthogonal with respect to the inner product
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where the bar denotes complex conjugation. The ¢; are known as Szegd polynomials.
Some of their properties are discussed in [23].
Of particular importance is the fact that the monic Szegé polynomials satisfy a
recursion relation of the form

$o(2) = ¢o(2) =1, .
(13) (é]—f-l(z) = Z¢J(Z) +’Yj+l(é_7(z)a .7 = 05172 3
®j+1(2) = Vjt1205(2) + ¢5(2)-
The recursion coefficients ;1 € C are determined by
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see [23]. It can be verified by induction that the auxiliary polynomials ¢;j satisfy
(1.5) $;(2) = 2 4;(1/2).

The recursion coefficients y; are in the literature referred to as reflection coefficients,
partial correlation coefficients or Schur parameters, the choice of name depending on
the application in which the ¢; are used. The assumption that a(¢) has infinitely many
points of increase implies that (i) |v;| < 1 for all j, (ii) the equations (1.3)-(1.4) hold
for all j, and (iii) the zeros of each ¢; are of moduli less than one; see [39, Chapter
11] or [23].

Szegb polynomials arise in applications such as signal processing and time series
analysis because of their connection with stationary time series. In these applications
the Szeg6 polynomials are sometimes referred to as Levinson polynomials.

The present paper considers the computation of the zeros of Szegd polynomials.
Knowledge of the location of the zeros is important in time series analysis and in
the design and implementation of digital filters. A few applications of zeros of Szegd
polynomials are described in Section 2. Some of these applications require real-time
computation, and it is therefore important that an algorithm be available that has
a low count of arithmetic operations and that can be implemented efficiently on a
parallel computer.

The most straightforward approach to computing the zeros of the polynomials ¢,
is to use a polynomial root-finder; see [38, Sections 5.5-5.10] for a description of a few
methods. For several of these methods it is important that the zeros be determined
in an appropriate order; otherwise severe loss of accuracy in the computed roots may
result. Moreover, in order to obtain globally and quickly converging methods, sev-
eral iterative techniques may have to be employed. These considerations can make
software for reliable and quickly converging root-finders fairly complicated. There-
fore the problem of finding zeros of a polynomial should be replaced by the problem
of computing eigenvalues of a matrix when possible; see, e.g., the discussion in [38,
p. 270].

If ¢, is represented in terms of the power basis, then the polynomial root-finding
problem can be replaced by determining the eigenvalues of the companion matrix as-
sociated with the polynomial. The companion matrix is a Hessenberg matrix and its
eigenvalues can be computed by the QR algorithm in O(n?) arithmetic operations; see
[18, Chapter 7]. Experimental results reported by Goedecker [17] show that this ap-
proach performs favorably in several respects compared with polynomial root-finding
algorithms in some commercially available software libraries. See also Toh and Tre-
fethen [40] for related discussions.

We use the recursion relations (1.3) to construct an upper Hessenberg matrix,
whose eigenvalues are the zeros of ¢,. Let

(1.6) H, = G1(71)Ga(72) - Gt (Yn—1)Gn (1),
where
o i}
(1.7) Gi(v;) = 3% eCc™”,  1<j<n,
05 Yj
L Ln—j—1 |



is a unitary transformation in the (j,j + 1) coordinate plane defined by the recursion
coefficient 7;, and o is defined by (1.4). Here I denotes the k x k identity matrix.
Further,

. In—l

(1.8) Gn(n) =
—In

We refer to the matrices (1.7) as Givens matrices, and the matrix (1.8) as a truncated
Givens matrix.

The connection between upper Hessenberg matrices of the form (1.6) and Szegd
polynomials was established by Gragg [19], who showed that

¢j(z) = det(zl; — Hj),  j=1.

A short induction proof of this identity is presented in Section 3.

The computation of the eigenvalues of H,, by the QR algorithm for nonsymmetric
matrices would require O(n3) arithmetic operations; see, e.g., Golub and Van Loan
[18]. It is the purpose of this paper to present a new algorithm that requires only
O(n?) arithmetic operations, and, moreover, has a structure that lends itself well to
parallel computation. Our method is based on the observation that the matrix H,
is a rank-one modification of a unitary upper Hessenberg matrix. Since the Givens
matrices Gj(7y;) are unitary, we obtain that

|'7n|2
where * denotes transposition and complex conjugation. Thus, if v, were unimodular,
then H,, would be unitary.

Introduce the one-parameter family of matrices

(1.9) Hy(t) = G1(71)G2(72) - - - Gro1(n—1)Gn(w(t)), 0<t<1,

where w(t) is a is complex-valued differentiable function such that w(0) = v, /|y
and w(1) = 4. Then H,, = H,(1), and H,(0) is a closest unitary matrix to H,; see
Section 3 for details. Let {A;(t)}7_; denote the eigenvalues of Hy,(t). Since the unitary
upper Hessenberg matrix H,(0) has positive subdiagonal elements, o1, 09,...,0,_1,
its eigenvalues {A;(0)}7_; are unimodular and pairwise distinct. There are several
algorithms available for computing the spectrum of H,(0) in O(n?) arithmetic oper-
ations; see [5, 8, 9, 11, 20, 21, 22]. Having determined the eigenvalues {);(0)}7_, we
apply continuation methods, presented in Section 3, to track the eigenvalues of H,(t)
as t increases from 0 to 1, in order to determine the spectrum of Hy(1).
For fixed ¢, 0 <t <1, let

f(z,t) = det(zI, — H(t))

denote the characteristic polynomial of H(t), so that ¢,(z) = f(z,1). Then (1.3)
yields that, for 0 <t <1,

(1.10) f(z,t) = 2¢n_1(2) + w(t)Pn_1().
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The continuation methods we consider are based on the identity
(L11)  f(A(@®),8) = det(Nj()In — Ha(t)) =0, 0<t<1, 1<j<n
We obtain from (1.11) and (1.10) that, for 1 < j < n,

- % (Aj():1) = f=(A;(2), 1) d)\;t(t) — o1 (N ()W (2).

If all eigenvalues {\;(¢)}]_; of Hy(t) are simple, then (1.12) yields the differential
equations

(1.12) 0

1.1 —Aj

O TSIET

The continuation methods described in Section 3 are prediction-correction schemes,
in which the predictor is Euler’s method applied to a modification of the differential
equations (1.13), and the corrector is Newton’s method applied to equations (1.11).
The computed examples of Section 5 show that the continuation methods rarely fail to
determine all zeros of a Szeg6 polynomials ¢, of moderate degree. Section 4 describes
a deflation technique applicable when the continuation methods fail to determine all
zeros. Deflation removes the known factors from ¢, and gives an upper Hessenberg
matrix associated with the remainder.

Assuming that the number of arithmetic operations required to determine \;(1)
from X;(0) for each j grows only linearly with n, the spectrum of H,, can be computed
in only O(n?) arithmetic operations. Computed examples presented in Section 5
support this assumption. Note that, in general, continuation methods allow each
eigenvalue \;(1) to be determined from A;(0) independently of the other eigenvalues.
This makes continuation methods well suited for parallel computation.

Recently several continuation methods have been proposed for the computation of
eigenvalues of symmetric and nonsymmetric matrices; see [15, 30, 31, 32] and references
therein. These methods can be competitive when implemented on sequential as well as
on parallel computers. They are usually based on a split-and-merge technique, in which
the eigenvalues of certain subproblems are computed and used as starting points for
a continuation method for computing the eigenvalues of the larger eigenproblem. Qur
approach to computing the zeros of ¢, can be combined with any of these continuation
methods, using the eigenvalues of the unitary matrix as starting points.

Results on the distribution of zeros of Szegd polynomials are presented in [25,
26, 34], where it is shown that, under suitable conditions on the distribution function
a, many of the zeros have nearly equidistant arguments. Plots of zeros of Szeg6
polynomials that arise from linear predictive coding of speech are shown by Brumme
[10]. These plots indicate that many of the Szegé polynomials that arise in this
application have their zeros close to the unit circle. They should therefore be quite
easy to determine with the algorithms of the present paper. Some computational
aspects of Szegd polynomials are considered in [7, 24].

2. Szegd polynomials in signal processing applications. In this section we
review some fundamental concepts of time series analysis, and describe how Szegd
polynomials arise naturally in some important time series and signal processing appli-
cations. For more details and precise statements of the results mentioned, we refer to
the signal processing literature, e.g., Cadzow [12], Kailath [27, 28] and Lim [33].
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A real discrete-time signal, or time series is a sequence of real random variables
{zk}72 _ o, ordered by a discrete time variable n. The time series is often assumed
to have certain statistical properties. A signal operator is a systematic procedure
that converts an input signal or ezcitation {x}}3° _  to an output signal or response
{Ue}ie oo A linear time invariant (LTI) operator can be expressed as a convolution,

o0
(2.1) vk =) hjzij.

j=—00

Thus, the dynamics of an LTI operator are completely determined by the sequence
{h; };-";700, which is known as the impulse response of the operator. An LTI operator
is said to be causal if h; = 0 for all j < 0. We will only consider causal LTI operators.
They can be studied by mapping the signal {z;}32__ to a function of a complex
variable by the z-transform. The z-transform of {z;}2° __ is defined as

(2.2) X(z) = Z zpz ¥, z € Qy,

where Qy C C denotes the region of convergence of the right-hand side of (2.2).
Let X(z), Y(z) and H(z) be the z-transforms of {z}3 _ ., {vr}p>_o and {hx}32,,
respectively. Then (2.1) is equivalent to

(2.3) V(z) = H(z)X(2), z € QN Q.

The function H(z) is called the transfer function of the operator.
A time series {z}}32 _ is said to be wide sense stationary (WSS) if (i) all x;
have the same expected value E[zp], (ii) the autocorrelation of the signal is stationary,

(2.4) pi—k = Elzjzi],

i.e., E[zjzy) depends only on the difference of the indices j and &, and (iii) the variance
po — (E[zg])? of each xy, is finite. Note that

(2.5) f—j = -

Signals that are WSS are simpler to analyze than those that are not. Therefore
one often seeks to manipulate a signal so that it can be effectively treated as if it
were WSS, even when the given signal is not. For instance, speech signals are not
WSS. However, after a speech signal is divided into short subsequences, each one
corresponding to a few milliseconds of “speech”, the subsequences can be treated as
if they were WSS.

A key property of WSS signals is that for some coefficients {a;}7 |, we have

m
(2.6) wg = Tf + Z QjTh—j,
=1

where {wy}3°  denotes a white noise signal. The number of terms in (2.6) may
be infinite. The operator defined by (2.6) converts the input signal {z;}3> _ . to
white noise, and can be thought of as a filter that captures all interesting statistical
properties of the signal.



A linear predictor of order n predicts the next signal element by forming a linear
combination of the n most recent signal elements. Assume for the moment that m in
(2.6) is finite, and that all coefficients a; are known. Define the linear predictor of
order m,

m
i‘k = — E QjTg—j-
J=1

The prediction error ¢, = zy —Zj is then the white noise signal. In general, neither the
value m nor the coefficients {a;}; in (2.6) are explicitly known. When determining
a linear predictor filter, one therefore typically first selects its order n, and then seeks
to find coefficients {a;}7_; that minimize the mean square of the predictor error, given
by

(2.7) Ellee]”] = B[ cjar—y) O cwmr—o)] = > > mjajeu,
§=0 =0 j=0 £=0

where we have defined ap = 1. The last equality of (2.7) follows from the assumption
that {z;}72 . is WSS. Requiring that the partial derivatives of the expression (2.7)
with respect to the coefficients a; vanish yields the linear system of equations

n
(2.8) > wk—joj=—pr,  1<k<n,
j=1

for the coefficients «j. This system is known as the Yule-Walker equations. Consider
the Toeplitz matrix

HBo M1 Hn
H-1 Mo M1
(2.9) Ton=| M1
M1
| H—n B—1 Mo |

defined by the autocorrelation lags p; in (2.8). The matrix ;41 is symmetric and,
in general, nonnegative definite. For ease of discussion, we will assume that Tj 41
is positive definite. The entries {u; j—_n can be thought of as moments associated
with a distribution function a(t) on the unit circle, as defined by (1.1). In fact, the
moments {u;}7__, define a piecewise constant distribution function on the unit circle
with at most n points of increase; see [23, Chapter 4]. This distribution function is
unique up to an arbitrary rotation on the unit circle. It defines an inner product
on the set of all polynomials of degree at most n by (1.2). We can define a family
of monic orthogonal polynomials {¢; }?:0 with respect to this inner product. These
polynomials are uniquely determined by the moments {1 };-L:fn.

Several fast algorithms are available for the solution of the Yule-Walker equa-
tions, such as Levinson’s algorithm, Schur’s algorithm and superfast Toeplitz solvers;
see [3, 4, 12, 18, 27, 28] and references therein. These algorithms do not only provide
the solution {a;}7_; of the Yule-Walker equations, but also the recursion coefficients
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{vi}}=1 and auxiliary coefficients {o;}7_; for the Szegd polynomials associated with
the moments {u;}7__, defined by (2.4). We illustrate this with the Levinson algo-
rithm. In view of (2.5), only moments with nonnegative index are required as input.



Algorithm 1. Levinson’s algorithm for the solution of (2.8)
Tnput: {uj}7_o; Output: {ag},, {3510, {05}y
ap =15 po == po;
for m:=1,2,...,ndo

m—1
TYm = — Z Nmfk@k/pm—l;

k=0
7 = (1= Ym) (1 + Ym);
Pm 1= 02, Pm—1;
Qm *= Ym;
for k:=1,2,...,m—1do

Ck = ag + YmQOm—k
end k;
for k:=1,2,...,m —1do o :=(; end k
end m
O

The mean square predictor error E[|ex|?] of the filter determined by Algorithm 1
is py. The coefficients {a;}7_; determined by the algorithm not only solve the Yule-
Walker equations (2.8), but also are coefficients in the power basis of the auxiliary
polynomials ¢, given by (1.5), i.e.,

n
bn(z) =1+ Zajzj;
j=1

see, e.g., [3, 27] for details.
Assume for the moment that m = n in (2.6). Then the transfer function associated
with the operator (2.6) is given by

A(z) =1+ Zajz_j.
7j=1

Often one is interested in the transfer function associated with the inverse of the
operator (2.6). It is given by

1 2"
(210 M= 10 " wr
where the last equality follows from (1.5). Thus, the poles of H(z) are the zeros of
the Szegd polynomial ¢,,. The positive definiteness of the matrix (2.9) implies that all
zeros of ¢, are strictly inside the unit circle. Operators associated with such transfer
functions are stable, and are often used in applications where forecasting is of interest,
e.g., in economics, seismology and control.

The location of the poles of the transfer function of a stable linear system de-
termines the frequency response of the associated operator. Explicit knowledge of
the poles is helpful both when manipulating A and when implementing filters. For
instance, the implementation of the filter associated with # in cascade form requires
the denominator of (2.10) in factored form. This implementation enables parallel pro-
cessing. Moreover, in order to simplify a filter, one may wish to remove factors of
the denominator of (2.10) corresponding to zeros that are not close to the unit circle.
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Finally, the inverse z-transform of #(z) of filters can be easily computed from the
partial fraction representation of H. The computation of the partial fraction repre-
sentation of H requires knowledge of the poles of transfer function, i.e., of the zeros
of ¢,. The discussion of the present section extends in a straightforward manner to
complex times series.

3. Continuation methods. This section presents continuation methods for the
computation of zeros of Szegd polynomials ¢, or equivalently, for the computation of
eigenvalues of n X n matrices H,, of the form (1.6). The first step in these methods is
to approximate H,, by an n X n unitary upper Hessenberg matrix H,,(0) and determine
its spectrum {\;(0) 7_1- Any n x n unitary upper Hessenberg matrix with positive
subdiagonal elements can be written in the factored form (1.9) with ¢ = 0, i.e., as
a product of n — 1 Givens matrices and a truncated unitary Givens matrix. In the
examples of Section 5, we compute the spectrum of H,(0) by the divide-and-conquer
algorithm described in [21, 22, 8], because software is available [9]. This algorithm
requires O(n?) arithmetic operations and is well suited for implementation on a parallel
computer.

The matrix H, can be approximated by a unitary upper Hessenberg matrix in
many ways. Our choice of approximant H,(0) defined by (1.9) is motivated by the
following result.

THEOREM 3.1. Let H,, be an upper Hessenberg matriz of the form (1.6), and let
U denote the set of all unitary upper Hessenberg matrices of order n. Then the matriz
H,(0) defined by (1.9) satisfies

3.1 in ||H, — H|| = ||H, — H,(0
(3.1) min | Hp | = | Hn — Hn(0)]],

where || - || denotes any unitarily invariant matriz norm. The solution of the mini-
mization problem (3.1) is unique if v, # 0. Moreover, ||H, — H,(0)|l2 = 1 — |vn|,
where || - |2 denotes the spectral norm.

Proof. The result follows from [16, Theorem 1]; see [36] for details. D

The eigenvalues {\;(t)}7_; of H,(t) are continuous functions of ¢. Moreover, each
Aj(t) is a piecewise analytic function of ¢, for 0 < ¢ < 1, whose only singularities are
algebraic; see Kato [29, Chapter 2]. A discussion on properties of the map ¢ — \;(¢)
is also presented by Li and Zeng [31]. The purpose of the continuation methods is to
track the eigenvalue paths

{\(t), 0<t<1}, 1<j<m,

in order to determine the eigenvalues A;(1) of H, = Hy(1) from the eigenvalues \;(0)
of H,(0).

Example 1. Let ; = 0 for 1 < j < n. Then ¢,(z) = 2", and the associated
matrix H, is the downshift matrix,

Define the family of matrices

Hy(t) = G1(0)G2(0) -+ Gp1(0)Gn(t —1), 0<t<1.
9



Then H,(1) = H, and H,(0) is unitary. The eigenvalues of Hy(t) are given by
Aj(t) = (1 —t)nemii=D/m 1 <j<n,  0<t<1,

Thus, z = 0 is a bifurcation point of all eigenvalue paths at £ = 1. We note that the
geometric multiplicity of the eigenvalues \;(¢) may change with ¢. In the present ex-
ample, H; (1) has only one linearly independent eigenvector, while the unitary matrix
H,,(0) has n orthogonal eigenvectors. O

Tracking the eigenvalue paths is easy for many matrices Hy,(¢), in the sense that
eigenvalues A;(t) only have to be determined for a few values of ¢ in order to compute
A;j(1). However, for some matrices Hy(t) it is a numerically challenging task to follow
the eigenvalue paths, and sophisticated software for the handling of bifurcation points
and the determination of certain eigenvalues A;(t) for increasing values of ¢ may be
required. We remark that the use of sophisticated software for path-following might
not always yield satisfactory speed-ups on parallel computers due to inter-processor
communication necessary close to bifurcation points. These difficulties suggest two
approaches to writing reliable software for computing the spectrum of H,, based on
path-following: Compute the spectrum of H,(0) by a fast algorithm, and then apply

(i) a sophisticated continuation method with step size control that can track
eigenvalue paths with large and small curvature and that can handle bifurca-
tion points.

(ii) asimple continuation method, that is easy to implement efficiently on a variety

of computers and that rarely fails to determine all the eigenvalues {\;}7_; of
H, = H,(1) accurately. Check the accuracy of the computed eigenvalues, e.g.,
by evaluating ¢, at the computed eigenvalues. Assume that k eigenvalues are
not accurate enough. Determine these k eigenvalues by applying the QR
algorithm to a certain k X k nonsymmetric Hessenberg matrix.

Approach (ii) is an application of a paradigm for the development of parallel
algorithms formulated by Demmel [13, p. 50]. Algorithms 2 and 3 below are based on
this approach.

Surveys of continuation methods have recently been presented by Allgower and
Georg [1, 2]. We apply a scheme described by Deuflhard and Hohmann [14, Section
4.4.2], which uses Euler’s method as a predictor and Newton’s method as a corrector.

Assume for the moment that A;(¢) is a simple eigenvalue of H,,(t) for 0 <t <1,
and let \;(¢x) be explicitly known for the parameter value t; € [0,1). We would like
to determine \A;(tx41) for some t41, ty < tx41 < 1. First we choose t1 and compute

an approximation )\gl) of Aj(tg4+1), called the prediction, by Euler’s method in the
following manner. Consider the path being followed as a curve (\;(¢),t). Introduce
the arc length parameter s of this curve. Then

(3.2) A2+ @2 =1, i>o0,

where A and { denote the derivatives of A and ¢ with respect to the arc length s. The
analogue of the differential equation (1.12) is given by

(3.3) FA+ fii = 0.

Apply one step of Euler’s method to the differential equation (3.3) with positive step
size h < 1. The functions f; and f, are easily evaluated by using the Szegd recursions
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as described in Algorithm 4 below. In view of (3.2), the pair (},#) is then obtained by
normalizing the vector [— f;/fz, 1] to have unit length, with positive last component.
We then set h := min{h, (1 — t3)/t}, tg41 = t + hi, and the prediction at t;,; is
taken to be )\5-1) = \j(tx) + h.

Having computed a prediction A

;2), )\5-3), ... of Xj(tg41) is obtained by applying Newton’s method to the

equation f(z,tg+1) = 0 with starting point z = )\;1)
the algorithm.

The choice of the step size h for Euler’s method can dramatically affect the perfor-
mance of a continuation algorithm. If h is too large, the continuation algorithm might
fail to track the desired path, producing a terminal point that is actually the termi-
nal point of another path. On the other hand, if h is too small, then the algorithm
would require an unnecessarily large number of integration steps in order to reach the
terminal point. Furthermore, different eigenvalue paths in the same problem may call
for different step sizes. It is clear that adaptive control of the step size h is desirable.

A simple approach to step size control is to monitor the sizes of the Newton
steps performed during the correction phase. The degree of stringency applied to this
process is controlled by a positive parameter k. Following Deuflhard and Hohmann
[14], we consider the current step size h for Euler’s method to be small enough if the
Newton corrections

;1) for Aj(tk+1), a sequence of improved approx-
imations A

. This is the correction phase of

w0 SO tri)
£, 1)

satisfy

(3.4) kR < O] e>1.

If condition (3.4) is violated for some value of £ > 1, then h is reduced according to
h:=2"12p,

and we perform another prediction-correction step at A(tx) with the reduced step size
h. Observe that if K = 0, then the step size will never be decreased. A common choice
is kK = 2. We use this value in the computed examples of Section 5.

We increase the current step size h when (3.4) is satisfied for all Newton corrections
computed, and in addition,

h2) -
‘h(l) -

1
g

In this case, having determined A(¢x11), we increase, if possible, the step size h by a
factor 21/2 according to

h:=min{2"/?h, 1 —t; 41}

and begin a new prediction-correction step at A(txy1) with the new step size. We
summarize the above discussion with the following algorithm.
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TABLE 1
Input for Algorithms 2 and 3.

Variable | Description

n degree of Szegd polynomial ¢,

{vi}j=1 | reflection coefficients defining ¢,

ho initial step size

Rmin minimum step size permitted

K step size control parameter

maxit maximum number of predictor-corrector steps for each eigenvalue

and maximum number of Newton iterations for one eigenvalue
€ tolerance
o tolerance for Algorithm 3 only

Algorithm 2. Simple Continuation Method
Input: See Table 1; Output {)\-}}Ll (spectrum of Hy);

Compute the spectrum {)\ _, of H,(0) by a fast algorithm;
for j:=1,2,....,n do

ke st = 0 B o= o T o= 0 Aj(tg) o= AO: o= o/l 0 = e

(x) £:=0; )\(0) =Xi(tg); L:=L+1;
b= (72 4+ 172 Ai=ir

h = mln{h, (1 - tk) /iy A=A L thg =t + b
A ,\“)| > ¢ and (< maxit do

€:=L+1; b f( tk+1)/fz( 9, tin);
1f€22andn|h \z\hz D] then

while

h:=2"12p;
if h > hpyin then goto (x) else goto no_convergence endif
endif;
)\(Z‘H) )\(Z) 3G :
endwhile;

if L > maxit then goto no_convergence endif;
Ni(thr) = MY k= k4 15
if £ <1 or 8h?| < |hM)| then h:=2Y2h endif;
if |ty — 1| > € then goto (x) endif;
Ay = A

end j;

Algorithm 2 adheres to approach (ii) for designing a continuation method: the

algorithm is fairly simple and is able to determine all the zeros of many Szegd poly-
nomials. Failure to find all the zeros generally occurs because the initial step size hg
was chosen too large, or the step size control parameter x was chosen too small, so
that computed points for two eigenvalue paths, beginning at A;(0) and A (0), converge
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to the same terminal point; i.e., the computed X\;(1) = Agx(1). In this case, we can
perform a retry: paths j and k are re-followed, with hy := ho/5 and k := max{2, 2x}.
Algorithm 2, together with this retry mechanism, successfully finds all the zeros of
the Szegé polynomials in our experiments with randomly generated complex Schur
parameters.

The algorithm may experience difficulty in computing all the zeros of the Szegd
polynomial ¢, (z) = f(z,1) if one of the matrices Hy(t), 0 < ¢ < 1, has multiple eigen-
values. In this case, bifurcations exist among the eigenvalue paths. For generic choices
of complex reflection coefficients {v;}7_;, there are no bifurcations of eigenvalue paths.
However, if all reflection coefficients are real, then the intermediate matrices Hy(t),
0 <t <1, are also real, and one cannot rule out the generic possibility that complex
conjugate eigenvalue paths bifurcate on the real axis. Two real eigenvalue paths may
also bifurcate into a complex conjugate pair. In these situations, Algorithm 2 will
generally fail to find all the eigenvalues. We must therefore modify the algorithm to
accommodate bifurcations for the real problem.

In order to extend the simple continuation method of Algorithm 2 to the case
that all reflection coefficients are real, we propose a modification that is capable of
handling most bifurcations occurring on the real axis. First, the eigenvalues of the
orthogonal Hessenberg matrix H,(0) are computed and sorted to identify the real and
complex conjugate starting points for the continuation method. Those paths with
initial points having nonnegative imaginary parts are then followed as in Algorithm 2
(i.e., with w(t) € R) until a possible bifurcation is detected. For a path beginning
at A\;(0) € R, a bifurcation is detected if a computed \;(¢) is too close to the real
axis. A bifurcation on a path beginning at +1 is detected if it cannot be followed to
termination.

If the path beginning at A;(0) is suspected of bifurcating, we attempt to follow
a new path beginning at A;(0), where the last Schur parameter w(t) varies along
a parabolic arc in the complex plane. If X;(0) € R, then we also follow the path
beginning at A;(0) with complex perturbations of the last Schur parameter as well. By
introducing complex perturbations in this manner, we can usually avoid the bifurcation
present in the real problem. In our experiments, the last reflection coefficient follows
the arc belonging to the parabola intersecting the real axis at v, (0) = a and v, (1) = v,
with vertex at vy, + /2 +i|0|/2, where & = v, /||, 8 = @ — v, and i = v/—1.

We also introduce complex perturbations in the retry mechanism. If two paths
have a common termination point, and this point is not a multiple eigenvalue of H (1),
we then re-follow the two paths in question using complex perturbations in the same
manner.

Computed examples indicate that this scheme is almost always successful in com-
puting all eigenvalues of H,. In a few cases, however, bifurcation occurs at such an
early stage that the described complex perturbation of the last reflection coefficient
does not successfully separate the eigenvalue paths. When this happens, we apply the
deflation scheme described in Section 4, in order to produce a smaller upper Hessenberg
matrix Hj, whose spectrum are the eigenvalues of H,, that remain to be determined.
The eigenvalues of Hj, are then computed using the QR algorithm for nonsymmetric
Hessenberg matrices described in [18]. We summarize the discussion above with the
following algorithm.
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Algorithm 3. A Continuation Method for the Real Problem
Input: See Table 1; Output: {);}}_; (spectrum of Hy,);
Compute the spectrum {)\g-o) }7—1 of Hy(0) by a fast algorithm;
Sort {A{”}7_, so that if Im(A\”)) > 0, then A\, := ALY ;
for j:=1,2,...,ndovj:=1+ sign(Im()\gO))); endif;
for j:=1,2,...,n do

if vj =0 then
if v; 1 =2 then
Aj = Aj_1; goto (% * )
else
v; = —1;
endif;
endif;

(xx)  k:=0;ty:=0; h:=ho; L:=0; \j(to) := )\5-0);
if v; = —1 then g := 1; else gy;r := 0; endif;
a:="/|ml; B="1m—aw=qaw =B+ qulBl;

(%) £:=0; L:=L+1,; )\5-0) = Xj(tk);

—/ G ()

— J
fZ(Ag())a tk)
h := min{h, (1 — t;)/i}; )'\5.1) =M L BN tegr =t + i |
w' = 0+ qrie(1 — 2t,+1) |05, w = a+ Btky1 + guirte+1(1 — te+1)|0)5;
while \)\S-EH) - A§£)| > ¢ and £ < maxit do
¢ ¢
0:=0+1; B® = f(A§- )7tk+1)/fz(>‘§' ) i)
if £ > 2 and k|h| > |h¢D)| then
h:=2"1/2p;
if h > hyi, then goto (x) endif;
if v; = 1 then v; := —1; goto (**) endif;
goto no_convergence;
endif;
)\;H—l) — )\E_Z) . h(g)

o b=+ 1) A=

endwhile;

if ; = 2 and Im(A{""") < 6 then
Bifurcation likely. Restart with complex perturbation of vy;
vj := —1; go to (%)
endif;
if L > maxit then goto no_convergence endif;
if £ <1 or 8|n?| < |hM)| then h := 2'/2}h endif;
j(thy1) = )\5-”1); kE:=Fk+1;
if |t — 1| > € then goto (x) endif;
>‘j — )\g_é—l—l)
(* * x) continue;
end j;
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The variables v; indicate the type of path being followed. If v; > 0, then w(t) is varied
radially, as in Algorithm 2. If v; = 2, then vj1; = 0, and we take \j+1(t) = X;().
When a possible bifurcation is detected, then v; is set to —1, and the last Schur
parameter w(t) is varied along a parabolic arc.

We remark that the computations inside the j loops of Algorithms 2 and 3 can
be carried out in parallel for different values of j. Since we are not interested in the
eigenvalue paths themselves, but only in their endpoints, it is natural to choose the
initial step size hg = 1 for both algorithms.

Actions taken when exit no_convergence is used in Algorithms 2 and 3 have not
been specified in order to keep the description of the algorithms simple. We remark
that in the computed examples of Section 5 when Algorithm 2 was applied to complex
matrices H,, the exit no_convergence was never used.

After each path has been followed, we check for common terminal points. We
then perform a retry, with decreased initial step size and increased step size control
parameter, for all paths that have common termination points, as well as for the
conjugates of these paths, and also for any paths that did not successfully terminate
in the first try. Complex perturbations are used in all retries for Algorithm 3. In
the experiments reported in Section 5, we perform a maximum of four retries. Let
Jfound denote the number of eigenvalues determined by Algorithm 3 together with the
retry mechanism. If groung < 1, then we employ a deflation procedure, described in
Section 4, to H, in order to obtain a (small) upper Hessenberg matrix Hy of order
k = n — Qfound- The eigenvalues of Hy are the k eigenvalues of H that have not been
determined sufficiently accurately.

If Algorithm 2 or Algorithm 3 yields a numerically multiple eigenvalue of Hj,
say Aj, of multiplicity m;, then either H,, has m; eigenvalues very close to A;, or the
algorithm has failed to track the n eigenvalue paths. These cases can be distinguished
by evaluating

dk
(3.5) ﬁgbn()\j), k=0,1,...,m; — 1.

If the polynomial and its derivatives at A; in (3.5) vanish, then ¢, has a zero at \; of
multiplicity m;.

Both Algorithm 2 and Algorithm 3 require the evaluation of ¢y, ¢/, and ¢~>n,1 at
various points in the closed unit disk. The following scheme for this purpose can be
obtained by differentiating the recursion formulas (1.3).

Algorithm 4. Evaluation of polynomials

Input: {7]' ;L:_lla z, w(t); Output: f(2,t), f.(2,1), pn-1(2);

b0 := o :=1; ¢ := g = 0;

for j=1,2,...,n—1 do R ~ ~
7= i 285 O = Ty B = T+ B
bj = z2¢j-1+7jPj-1; ¢ = TVjzPj-1+ dj-1;

end j; B B

Pn-1(2) 1= Pn-1; fz(zat) = Pp-1+ z¢;z—1 + w(t)d);’b—l;

f(z,t) := z¢p_1 + w(t)Pr_1;

a

Algorithm 4 can easily be extended to the evaluation of higher order derivatives which
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may be required in (3.5). We conclude this section with a simple proof of the repre-
sentation (1.6) of the matrix H,, defining the Szegd polynomial ¢,,.

THEOREM 3.2. Let {~; };?:1 be a sequence of complex numbers of modulus less than
unity, and let ¢, be the monic Szegd polynomial of degree n defined by the recursion
formula (1.8). Then ¢y, is the characteristic polynomial of the matriz H, defined by

(1.6).

Proof. This result has been shown by Gragg [19]. We present a simple induction
proof. Observe that the matrix H,, defined by (1.6) has the form

-N
oh]

0

0

—0172
=12
02

—010273
—Y10273
—Y273

0

On—1

—01092 """ 0Op—17n
—N102 " Opn_1Yn
—Y203 On—1Vn

_ﬁnfl')’n i

Consequently, the characteristic polynomial ¢, (z) of H,, satisfies

dn(z) = det(z] — H,) = ol = Hy
0 0 0
(3'6) = z¢n—1(z)+’Yan—1(Z)a
where
(3.7) Xo1(2) = el =t
00 - 0 —0,4

0102 """ Opn—17n
Y102 Opn—17n
Y203 Opn—17Yn
Yn—20n—1%n
—Op—1 Z+ Yn—17n
0102+ Op_1
Y1092+ Op—1
Y203 -+ Op—1
Yn—20n—1
’Vn—l

By expanding the determinant (3.7) along the bottom row, and using the fact that

yil* + UJQ- =1 for 1 < j < n, we obtain

Xn—1

Vn—1Pn—1 + 02_1 Xn—2
= Xn-2+t ’?n—l((lsn—l -

'Yn—an—2)a

which, together with (3.6), with n replaced by n — 1, yields

(3.8)

Xn—l(z) = Zﬁn—1¢n—2(z) + Xn—Z(z)-

Define ¢y(z) = xo(z) = 1. Then (3.6) holds for n = 1, and therefore for all n > 1,

with X1 given recursively by (3.8) for n > 1.

Let ¢,(z) denote the auxiliary polynomials defined by (1.5). Then (3.8) shows

that the ¢, satisfy the same recurrence relation as the x,. In view of that ¢o(z) =
Xo0(z) = 1, we obtain that x, = ¢, for n > 0. Thus, (3.6) shows that the characteristic
polynomial of Hy, is the Szegd polynomial ¢, given by (1.3). O
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4. Deflation. The simple procedure for handling bifurcations for real problems
implemented by Algorithm 3 works well on a large majority of the examples we consid-
ered. However, for some matrices Hy,, the algorithm fails to find one or two eigenvalues.
It may be possible to determine all eigenvalues by using more sophisticated, and more
complicated, strategies for handling bifurcations on the real axis; see, e.g., Li and Zeng
[31] for a discussion of such methods. Another possibility for finding any remaining
eigenvalues is to develop an efficient deflation procedure. In this section we show that
the unitary Hessenberg QR algorithm of Gragg [20] can be used to efficiently perform
deflation on H,.

Assume the path-following procedure outlined in Algorithm 3 produces only n—k
accurate eigenvalues of H,,, where k¥ < n. In the computed examples of Section 5,
where the order n ranges from 4 to 18, k is never larger than 2. We can then perform
deflation to remove the n — k accurate eigenvalues of the matrix H,. This yields a
Hessenberg matrix Hy of order k, whose spectrum consists of the eigenvalues of H,
that have not been determined sufficiently accurately yet.

Deflation can be performed by applying the QR algorithm to H, using the ac-
curately computed eigenvalues as shifts. These will be referred to as ultimate shifts.
In exact arithmetic, one step of the QR algorithm with an ultimate shift produces a
new Hessenberg matrix whose (n,n — 1) entry is zero. However, in finite precision
arithmetic, the (n,n — 1) entry might be of magnitude considerably larger than zero.
One can repeat deflation, i.e., application of the ultimate shift by the QR algorithm,
until the (n,n — 1) element of H,, is of “tiny” magnitude. In this manner we obtain
a matrix H, 1 of order n — 1, whose spectrum does not contain the deflated eigen-
value. This process is repeated for all accurately computed eigenvalues of Hy, to yield
a k x k Hessenberg matrix Hy. If £ < 2, then the spectrum of Hj can be computed
analytically. When k > 2, the eigenvalues of Hy can be determined by any standard
algorithm for the computation of eigenvalues of a nonsymmetric matrix, such as the
the QR algorithm.

One step of the QR algorithm with ultimate shift requires O(n?) arithmetic op-
erations when implemented in terms of the matrix elements, so the direct application
would be too slow for our purposes: its use would defeat the efficiency of the continu-
ation method. However, one can attempt to use the representation of H,, in product
form (1.6) to reduce the number of arithmetic operations necessary to O(n). Such a
procedure is known for the case that H,, is a unitary Hessenberg matrix. One QR step
on the unitary matrix H, produces another unitary Hessenberg matrix H,, and the
transformation can be made in such a way that the intermediate Hessenberg matrices
generated are also unitary. The transformation then can be implemented in terms of
Schur parameters using only O(n) arithmetic operations per QR step. This idea is fun-
damental to Gragg’s unitary Hessenberg QR (UHQR) algorithm [20], which is applied
with ultimate shifts in [6] to deflate unitary Hessenberg matrices, and to downdate
discrete least squares trigonometric approximants and discrete Fourier transforms.

Our matrix Hy, in product form (1.6), is not unitary. Since |y,| < 1, the matrix
obtained by applying one step of the QR algorithm to H,, is an upper Hessenberg
matrix H, that is not representable in product form (1.6). Consequently, the UHQR
algorithm cannot be applied to our matrix H,. We elaborate on this below, and show
that in the special case that the (n — 1,n) entry of H, vanishes, the leading principal
submatrix of order n — 1 of H,, is representable in product form.

PROPOSITION 4.1. Let Hy, be an upper Hessenberg matriz with nonnegative sub-
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diagonal elements. Then H, is representable in the form (1.6) with each |v;| < 1 if
and only if

* I -1 0
(4.1) H H, = [ 76* 2 ] ,

where 0 < k < 1. If Hy, satisfies (4.1), then the representation (1.6) is unique, and
K = [Ynl-

Proof. Clearly, any matrix of the form (1.6) satisfies (4.1). Conversely, assume
(4.1) is satisfied, and let H, = QR be the unique QR factorization of H,,, where the
diagonal elements of R are nonnegative. Then R = diag[l,1,...,1,k]. Since @ is a
unitary upper Hessenberg matrix with nonnegative subdiagonal elements, it has the
unique representation Q = G1(71) + - Gn-1(Yn—1)Gn(3n), where |3,| = 1. Thus, H, is
in the form (1.6) with v, = k9,. O

From this characterization it is easy to see why the QR algorithm does not preserve
the form (1.6) when |vy,| < 1. One QR step applied to H,, produces a matrix

(4.2) i, = Q*H,Q — [ R ] ,
On—1€,_1 Thn

where @ = Gi(a1)--- Gn_l(an_1)én(an) is unitary. From this representation of @,
we have

PP I,_1 0
H*H — * n
Ak * In—l 0 A
= Gn(an)Gn—l(anfl) * 2 Gn1(an-1)Gn(an)
0 |’Yn|
_ I,_o 0
- 0 X |’
where
X = [ |0‘n—1|2 + 55_1|%|2 @n—lﬂn—lan(l - |'Yn|2) }
anflﬁnflan(l - |'Yn|2) 72171 + |0‘n*1|2|7n|2 ’

with B,_1 = (1 — |ap_1[*)*? and |ay| = 1. Clearly, if & = |y,| < 1, then H,, will not
be representable in the form (1.6) unless |a,_1| =1 (and £,_1 = 0). But this cannot
happen in exact arithmetic when the original matrix H,, is an irreducible Hessenberg
matrix, since in this case @ is also irreducible, and hence &, 1 # 0.

On the other hand, let us assume that, after applying one QR step to H,, we
obtain the matrix H, with 6,_1 = 0 (i.e., an exact deflation). Then

o 7% '} 7%
H;an = |: H;:L—lﬂ_Hn_l . Hn—lyn—l ) :| ,
Yn—1dn—1  Yp_1Yn—1 + Ny

and moreover,

~ A I,_ 0
H;:—IHTL—l = |: 76*2 ,%2 :| ’

where #? = |an—1]2 + 82_, k2. We therefore have the following result.
18



THEOREM 4.2. Let H, be given in product form (1.6), where |y;| <1 for1 <j <
n, and assume that one step of the QR algorithm with shift applied to H,, results in
the upper Hessenberg matriz H, given in (4.2). If the (n,n — 1) entry of H, is zero,
then the deflated submatriz H,_1 can be represented in product form. Moreover, this
representation can be obtained by applying the UHQR algorithm to Hy.

Thus, if a QR step with ultimate shift provides deflation to desired accuracy, we
can apply the recursions among the reflection coefficients from the UHQR algorithm to
remove a known eigenvalue from H,, using O(n) operations. If we successfully deflate
all n — k known eigenvalues of H,, in this manner, we obtain the desired matrix Hy, in
the form the form (1.6) in O(n?) arithmetic operations. Our experiments indicate that
the application of ultimate shifts works well for small to moderately sized problems.
For large problems, such as finding the zeros of a Szeg6 polynomial with real reflection
coefficients of degree 100, deflation can result in loss of accuracy. Further investigation
of the deflation process is necessary before it can safely be applied to large problems.
The related problem of using ultimate shifts on symmetric tridiagonal matrices is
discussed by Parlett and Le [35].

5. Computed examples. In this section we present the results of several com-
puted examples which illustrate the performance of our continuation methods. The
computer programs used were all written in FORTRAN 77, and the numerical exper-
iments were carried out on an IBM RISC 6000/550 workstation and a SUN Sparc-
Station 5 in single precision arithmetic, i.e., with approximately 7 significant decimal
digits.

We obtain our test problems by randomly generating the reflection coefficients
that define the Hessenberg matrix H,. We compute the eigenvalues of the closest
unitary Hessenberg matrix H,(0) with the unitary divide-and-conquer code described
in [8, 9]. The eigenvalues of the unitary Hessenberg matrix H,(0) are the starting
points of the eigenvalue paths. As the last reflection coefficient is moved away from
the unit circle, i.e., as the parameter ¢ in (1.9) is increased from 0 to 1, the eigenvalues
of the intermediate matrices Hy,(¢) move from the unit circle to the eigenvalues of
the Hessenberg matrix H, = H,(1). We use the continuation methods implemented
by Algorithms 2 and 3 to track the eigenvalue paths as the last reflection coefficient
moves from 7, /|yn| to . To check that the continuation methods find the correct
eigenvalues, we compare the endpoints of the eigenvalue paths with the eigenvalues of
the original Hessenberg matrix obtained from the EISPACK subroutines COMQR. or
HQR.

In general, when the reflection coefficients are complex numbers, the eigenvalues
of the associated matrices or, equivalently, the zeros of the corresponding Szegd poly-
nomials, are complex numbers inside the unit circle in generic positions. In this case
we expect the simple continuation scheme based on a radial perturbation of the last
reflection coefficient to be adequate for determining the eigenvalues of the Hessenberg
matrix H,. Indeed, Algorithm 2 never failed to yield the correct eigenvalues in our
experiments when the reflection coefficients were generic complex numbers. Table 2
displays the results of 1000 runs on problems of order n = 10,20, ..., 100, with initial
step size hg = 1 and step size control parameter x = 1. The table displays the total
number of retries performed during the 1000 runs, the average number of iterations,
and the average CPU time of Algorithm 2 and of the EISPACK subroutine COMQR
on a SparcStation 5. Note that the number of retries increases linearly with n in these
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TABLE 2
Results for Algorithm 2: ho :=1, Kk := 1.

average iterations cpu seconds
n | retries per eigenvalue Algorithm 2 | COMQR
10 11 3.67 0.25E-01 0.23E-01
20 27 291 0.83E-01 0.15E4-00
30 23 2.62 0.17E400 | 0.47E4-00
40 30 2.49 0.26E4+00 | 0.11E+401
50 33 2.40 0.37TE4+00 | 0.20E401
60 42 2.34 0.49E400 | 0.34E401
70 43 2.29 0.63E400 | 0.54E401
80 59 2.29 0.75E4+00 | 0.79E401
90 81 2.25 0.91E4+00 | 0.11E+402
100 95 2.24 0.11E4+01 | 0.15E+402

experiments.

Figures 1 and 2 show the paths followed by the eigenvalues of two families of
matrices Hg(t), defined by complex reflection coefficients, when increasing t from 0
to 1. It is interesting to see that, while in Figure 1 no eigenvalue moves very far
from the unit circle, this is no longer the case for the eigenvalues in Figure 2. This is
because the modulus of the last reflection coefficient used to generate the matrix Hg
for Figure 2 is very small.

FiG. 1. Complez reflection coefficients, n = 8, |y»| = 0.50.

When the reflection coefficients are all real, the zeros of the corresponding Szeg6
polynomials are either real or occur in complex conjugate pairs and bifurcations occur
when complex eigenvalue paths touch the real axis, or when two real eigenvalue paths
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Fi1G. 2. Complex reflection coefficients, n =8, |yn| = 0.050.

meet and bifurcate into a complex conjugate pair. The second column of Table 3 indi-
cates that the likelihood of having bifurcations increases with the size of the problem.
However, even for problems of small size, e.g., 4 or 6, we observed that a bifurcation of
a pair of eigenvalue paths occurs, on the average, in approximately 20 percent of the
problems. When a bifurcation on the real axis occurs, we track again the paths of the
eigenvalues which bifurcated from their initial points on the unit circle, and we make
the last reflection coefficient move along a parabolic arc in the complex plane. Figure 3
shows the paths traveled by the eigenvalues in the case of real reflection coefficients
when the last reflection coeflicient is moved along a real line segment. Notice that
two of the complex conjugate eigenvalue paths meet on the real line and bifurcate.
Figure 4 shows how bifurcation of the eigenvalue paths can be avoided by moving the
last reflection coefficient along a parabolic arc in the complex plane.

When, in spite of the complex perturbation of the last reflection coefficient, we
were unable to compute all eigenvalues accurately by the continuation method, the
deflation scheme of Section 4 delivered the remaining eigenvalues.

Table 3 summarizes our experience using the continuation scheme for real reflec-
tion coefficients for computing the zeros of 1000 Szegd polynomials of even degree
between 4 and 18. The degree of the Szegd polynomials, n, is listed in the first col-
umn. For each n we consider the upper Hessenberg matrix H,, defined by n reflection
coefficients randomly generated from the uniform [—1, 1] distribution. We compute the
eigenvalues of the unitary matrix H,(0), obtained by changing the last reflection coef-
ficients to —1 or 1, by the unitary divide-and-conquer code described in [8, 9]. Starting
from each eigenvalue of H,,(0), we track the eigenvalue paths using Algorithm 3 until
either the endpoints of the paths are reached, or the algorithm stops after reaching the
maximum number of iterations. Column 2 of Table 3 shows how many times out of
1000 runs the algorithm reached the endpoint of all continuation paths and determined
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F1G. 3. Real reflection coefficients, n = 8, ~, associated with Hy of magnitude 0.16, 7y, is moved
along real line segment.

n distinct eigenvalues for the matrix H,. The numbers listed in Column 2 shows that
the continuation algorithm for real reflection coefficients almost always computes all
eigenvalues correctly. The third column of Table 3, labeled “bifurcations”, counts the
total number of bifurcations which occurred in the course of the 1000 experiments, i.e.,
in the computation of 1000n eigenvalues. We remark that, while often only one bifur-
cation occurred, several problems display two or even three bifurcations. As we would
expect, the number of bifurcations increases with the degree of the Szegd polynomial.
The last column of Table 3, labeled “iterations/eigenvalue” reports the average num-
ber of Newton steps needed for the computation of each eigenvalue. We remark that
the value reported is the average over the computation of 1000n eigenvalues. We ob-
served that for some problems the number of iterations per eigenvalue can be as low
as 2 or higher than 20. The table suggests that the average number of iterations per
eigenvalue does not increase with the size of the problem.

6. Conclusion. Two algorithms are described for the computation of zeros of
Szeg6 polynomials. They require generally only O(n?) arithmetic operations to de-
termine the zeros of a Szegd polynomial of degree n. The structure of the algorithms
makes them easy to implement on a parallel computer. This may be important for
real-time signal processing application.

Acknowledgements. We would like to thank Carl Jagels for a careful reading of the
paper. L.R. would like to thank Wolf Hofmann for reference [10]. G.A. would like to
thank Layne Watson for helpful discussions.
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F1G. 4. Real reflection coefficients, n = 8, +, associated with Hy of magnitude 0.16, 7y, is moved

along parabolic arc in the complex plane.

TABLE 3

n | distinct eigenvalues | bifurcations | iterations/eigenvalue
4 1000 191 6.69
6 1000 266 6.28
8 1000 322 6.07

10 998 398 6.53

12 1000 452 6.02

14 995 933 6.38

16 997 547 6.07

18 997 971 5.87
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