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Abstract

We describe canonical forms for elements of a classical Lie group of
matrices under similarity transformations in the group. Matrices in the
associated Lie algebra and Jordan algebra of matrices inherit related forms
under these similarity transformations. In general, one cannot achieve
diagonal or Schur form, but the form that can be achieved displays the
eigenvalues of the matrix. We also discuss matrices in intersections of
these classes and their Schur-like forms. Such multistructured matrices
arise in applications from quantum physics and quantum chemistry.

1 Introduction

Many problems that arise in applications have structures that give rise to eigen-
value problems for matrices that are members of a classical Lie group, its Lie

*Research supported by Deutsche Forschungsgemeinschaft Me790/7-2 Singuldre
Steuerungsprobleme



algebra, or an associated Jordan algebra of matrices.
Any nonsingular matrix K € C™™ defines a nondegenerate sesquilinear
form < -,- > on C™ by

<z,y>=zKy for z,y € C™,

where zf1 denotes the conjugate transpose of the column vector z. We restrict
ourselves to the case that

<z,y>=0 ifandonlyif <y,z>=0.

This condition implies that K is either Hermitian or skew-Hermitian [2].
If K is Hermitian, we can perform a change of basis on C™ so that the
sesquilinear form is represented by the matrix

-1, 0
Eiﬂaq = |: Op Iq :|7

where p+q = m, p > 0, and ¢ > 0. On the other hand, if K is skew-
Hermitian and m is even, then after a change of basis, the skew-Hermitian form
is represented by the matrix

where m = 2n.

The classical Lie groups we consider here are the matrices that are unitary
with respect to J or X, 4 [15]. We will discuss only classes of complex matrices
here, but analogous results also exist for the real case.

Definition 1

1) The Lie group O, , of ¥, ,-unitary matrices is defined by O,, = {G €
crterte . GHY, .G = %,,}. An important special case is the unitary
group O, = Opp-

2) The Lie group Spon of symplectic matrices is defined by Span, = {G €
c*?n . GH G = J}.

Developing structure-preserving numerical methods for solving eigenvalue
problems for matrices in these groups remains an active area of recent research
[7, 9, 10, 23], motivated by applications arising in signal processing [1] and
optimal control for discrete-time or continuous-time linear systems, see [23] and
the references therein.

Of equal importance are the Lie algebras A, , and Hs,, corresponding to the
Lie groups O, , and Spay,.



Definition 2

1’) The Lie algebra of ¥p 4-skew Hermitian matrices s defined by
Apg={AecCrtorti.y, A+ ATy, =0}

:{[ o g] :F:—FHe(C”’,H:—HHG(Cq’q,Ge(Cp’q}.

A special case is the Lie algebra of skew Hermitian matrices A, = Ag,p.

2’) The Lie algebra of J-Hermitian matrices (also called Hamiltonian matrices
or infinitesimally symplectic matrices) is defined by

Hon={A € C*™*": JA+ A" J =0}

:{[ o ] . F,G,H € C™",G = GH  H = HH}.
These Lie algebras also have great importance in practical applications, see
[4, 5, 25] for applications of ¥, ;-skew symmetric matrices and [8, 23, 20] for
applications of Hamiltonian matrices.

The third class of matrices we consider plays a role similar to that of the
Lie algebras. These are the Jordan algebras [3, 16] associated with the two Lie
groups.

Definition 3

17) Cpg={C € CPTOP¥1 : 5, ,C — CHE,, =0}
:{[ o ] :F=FTeCh H=H"eC" Ge C”’q} ,
is the Jordan algebra of ¥, -Hermitian matrices. A special case is the
Jordan algebra of Hermitian matrices Cp, = Co p.

27) SHan={C € C*™>" . JC - CHJ =0}

A F G, nn o _oH i — _HH
- H FH .F,G,HE(C JG__G 7H__H )
is the Jordan algebra of J-skew Hermitian matrices or skew Hamiltonian

matrices.

For applications of these classes see, for example, [5, 26, 27].

In this paper we discuss structure-preserving similarity transformations to
condensed forms from which the eigenvalues of the matrices can be read off in
a simple way. For general matrices these are the Jordan canonical form (un-
der similarity transformations with nonsingular matrices), see e.g. [13], and
the Schur form (under similarity with unitary matrices), see e.g. [14]. While
both the Jordan form and Schur form display all the eigenvalues, the trans-
formation to Jordan form gives the eigenvectors and principle vectors, and the
transformation to Schur form displays one eigenvector and a nested set of in-
variant subspaces. However, the numerical computation of the Schur form is



a well-conditioned problem, while the reduction to Jordan canonical form is in
general an ill-conditioned problem, see e.g. [14]. See [28] for classifications of
the structured Jordan forms for the classes of matrices defined above.

The Jordan structure of a matrix can be computed, with considerably more
effort than computing the Schur form, by computing the Wyer characteristics,
which are invariants under unitary similarity transformations, see [17]. But if
the matrix has an extra symmetry structure, for example if it is Hermitian, skew
Hermitian or unitary, then the matrix is normal, and the Jordan form and the
Schur form coincide. Consequently, complete eigenstructure information can be
obtained via a numerically stable procedure [14, 26, 29] for matrices in these
classes.

We may expect that between the general case and these special cases there
are more refined condensed forms for matrices from the classes defined above.
For the classes defined via the skew-symmetric matrix J such forms have been
discussed in detail in the context of the solution of algebraic Riccati equations
[8, 23]. We will review these results in Section 3. In Section 4 we will then
discuss analogous condensed forms for the classes defined by the symmetric
matrix ¥, 4.

In Section 5 we then discuss condensed forms for matrices which lie in the
intersection of two of the classes defined above. Our main motivation to work
on this topic arose from a class of matrices that occur in quantum chemistry
[11, 12, 24]. In linear response theory one needs to compute eigenvalues and
eigenvectors of matrices of the form

[ A B

n,n _ H _ H
B _A],A,Bec , A=A B=pBH. 1)

Such matrices are clearly in Hy,NCy, .- A difficulty in computing the eigenstruc-
ture of such matrices was observed in [11, 12], where the structure-preserving
methods sometimes had convergence difficulties. As we will show, these diffi-
culties arise from the fact that the reduction to a structured Schur form is not
always possible, essentially because nonzero vectors may have zero “length” in
the indefinite form defined by the matrix ¥, ;. Moreover, we will see that the
eigenvalues and invariant subspaces of the matrix are already available in this
situation, even though the matrix has not yet been reduced to a triangular-like
structure.

2 Preliminaries

In this section we give some preliminary results.

Proposition 4

1. Let M € Op g and Mz = Az with x # 0. Then X ' is also an eigenvalue
of M, and M (S, ,z) = A1 (Z,,42). If 25, ;2 #0 then |A| = 1.



2. Let M € Ay, q and Mz = Az with x # 0. Then —X is also an eigenvalue

of M, and M (S, ,z) = =N(Z,47). If 5, 2 #0 then A = — .

8. Let M € Cp, and Mz = Ax with x # 0. Then X is also an_ eigenvalue of
M, and M (2, ,2) = X(Zp,47). If 35, 2 #0 then A = \.

Proof. The proof follows directly from the definitions of the Lie group, Lie
algebra, and Jordan algebra. 0

Similar results are also known for the Lie group of symplectic matrices and
the corresponding Lie algebra and Jordan algebra, see e.g. [23, 20].

There exist a vector space isomorphism between the Lie algebras and the
associated Jordan algebras:

Proposition 5 The map A — A is a vector space isomorphism between the
Lie algebra Ay, 4 (or Hapn) and the associated Jordan algebra Cp g (or SHap,
respectively).

Proof. The proof follows directly from the definitions. O

We will use similarity transformations that retain the structure to transform
the matrices from the Lie groups, Lie algebras and Jordan algebras to a con-
densed form from which the eigenvalues can be read off in a simple way. These
are symplectic similarity transformations for Spay,, Hapn and SHa, and the X, -
unitary matrices for Op 4, Ap 4 and Cp 4. In order to use such transformations
for numerical computation, we would prefer that these transformation matri-
ces also be unitary, since then the methods can be implemented as numerically
backwards stable procedures. These classes are characterized as follows.

Proposition 6

1. Unitary symplectic matrices, i.e., matrices in Spa, N Oa,, are of the form

U, Us
—U, U |’
with UrUf + UxU# = I, and U1U§ — DU = 0.

2. Matrices in Opq N Oy, (n=p+q) have the form

Qu 0
0 Qo |’
where Q11 € Op and Q22 € Oy.

Matrices in all the Lie groups and their intersections can be generated as prod-
ucts of elementary matrices in these classes, see e.g. [2, 5, 23]. Unfortunately,
the class of matrices Op ¢ N O, is not big enough to perform the reduction to the
condensed forms. As an extra class of elementary %, ,-unitary transformations,



the hyperbolic rotations H(c, s) are needed. These matrices are equal to the
identity matrix except for the 2 x 2 submatrix in rows and columns 1 and p+1,

given by [ z i ] with |2 — |s|2 = 1.

3 J-Schur-like forms

In this section we recall some of the known results concerning Schur-like forms
for matrices in the classes defined by J. We will call these J-Schur-like forms.

Theorem 7
i) Let M € Hay,. Then there exists a symplectic matriz Q € Spayn, such that

T, Tz]

_1 _
Q MQ_[O—TlH

(2)
where Ty, Ty € C™™, Ty is upper triangular and Ty is Hermitian, if and only
if every purely imaginary eigenvalue X\ of M has even algebraic multiplicity,
say 2k, and any basis X € C*™2* of the mazimal invariant subspace for M
corresponding to X satisfies

3)

XX, NC[ 0 I’“].

—I, 0

Here '~¢’ denotes congruence.
it) Let M € SHay,. Then there exists a symplectic matric QQ € Spa, such
that

(4)

where Ty, Ty € C™", Ty is upper triangular and Ty is skew Hermitian, if and
only if every real eigenvalue X\ of M has even algebraic multiplicity, say 2k, and
any basis Xy € 22k of the mazimal invariant subspace for M corresponding
to A satisfies (3).

iii) Let M € Spay. Then there exists a symplectic matric QQ € Spay, such
that

Q‘IMQ=[7(;1 ;}]

o me=| T ]

" )

where Ty, Ts € C™™, Ty is upper triangular and Ty is Hermitian, if and only if
every unimodular eigenvalue A of M has even algebraic multiplicity, say 2k, and
any basis Xj, € C*™** of the mazimal invariant subspace for M corresponding

to X\ satisfies (3).

Proof. This result was first stated and proved in [22]. O
Note that there are also more refined Jordan-like forms for matrices in
Hon, SHan and Spay, which do not have a triangular structure, see [21].



It follows from a result in [6] that the symplectic matrices @) in each part
of Theorem 7 can be chosen to be unitary symplectic. However, matrices in
the J classes exist for which the forms (2)—(5) can be achieved only via non-

symplectic transformations or not at all. Consider for example the Hamiltonian

0 I,
—I, 0

similarity transformations, we cannot achieve a J-Schur-like form under these
transformations. But in the case that n = 2m is even, there exists a J-Schur-like
form under a unitary but non-symplectic similarity transformation via

(and symplectic) matrix J = [ ] Since J is invariant under symplectic

1 0 0 —ily Iy

P="5\ i, In 0 0

and
il 0 0 0

0 L 0 —i 0 0
H m _ m
F [—Igm 0 ]P_ 0 0 i, 0
0 0 0 =il

In the case that n is odd, no J-Schur-like form can be obtained for J, since the
matrices Ty and =T in (2) have the same purely imaginary eigenvalues (resp.
the matrices 71 and 7, % in (5) have the same unimodular eigenvalues), but
the algebraic multiplicities of the eigenvalues ¢ and —i of J are odd.

4 X, ,-Schur-like forms

In this section we present results analogous to Theorem 7 concerning Schur-like
forms for matrices in the classes defined by ¥, ; under similarity transformations
from the group Op 4. We will call these forms X, ;-Schur-like forms.

Of course, if p = 0 or ¢ = 0, then the matrices in question (unitary, Skew-
Hermitian, and Hermitian matrices) are all normal, and their Schur forms under
unitary similarity transformations are diagonal. So, unless explicitly mentioned,
we will assume that p and ¢ are both positive (and m = p + ¢ > 2).

We describe the X, ,-Schur-like forms in terms of a block 2 x 2 matrix

p 4q
_ p|A C
o=t |5 9]



with the partitioning

n Y b3 P+ .- Ds q1 q2 a3 a4 --- Qs
pr [An O 0 0 ... 0 0 0 0 0 ... 0]
p2 | 0 A Az Ay ... Ag 0 Co Coz Cog ... Cy
P3 0 A32 A33 0 . 0 0 032 0 0 . 0
P4 0 A42 0 A44 e A4s 0 042 0 044 PN 043
Ps 0 Asg 0 As4 Ass 0 052 0 034 Css
a1 0 0 0 0 e 0 B11 0 0 0 e 0
p) 0 Dyp Daz Day ... Do 0 By B3 By ... Bo
qs3 0 D32 0 0 - 0 0 B32 B33 0 - 0
q4 0 D42 0 D44 e D4s 0 B42 0 B44 e B45
Qs L 0 DSQ 0 D54 Dss 0 BSQ 0 Bs4 BSS_

where 2221 Pj =D, > p_1 @ = ¢, and such that
1. For odd i, p; > 0, ¢; > 0, and the blocks A;; and B;; are each either
diagonal or void;

2. for even i, p; = ¢; = 1, provided that s > 1.

Theorem 8
i) Let M € O, 4, then there exists Q € O, 4 such that

p q
—1 _p A C
atue=b 5 ¢
is in the form (7). For odd indicies i, the blocks Ay € Op, and By € Oy, are

either void or diagonal (with eigenvalues of modulus 1). For the even indicies
1, provided that s > 1, the blocks A;;, B;; are both 1 x 1. Furthermore

Asioi+ Caioi = Dajoi+Baigi = A ()
Asioi — Dajoi = DBajoi— Cojoi = X_l,
and
Agiy12i C2it1,2i Baiy1,2i Dy;iqq,0i
: =- : ) : =- : )
As 2 Cs 2 By 2 Py
9)
[ Aiit1 -+ Asis | =[ Daigivr -+ Das |,
[ Baigit1 -+ Boig | =[ Coigiyr -+ Coiy |-



Moreover the eigenvalues of M are the eigenvalues of the matriz obtained by
deleting all the off-diagonal blocks in A, B,C,D.
i) Let M € A, 4. Then there exists @ € Op 4 such that
A C
-1 _
with B = —B¥ A= —AH and A, B, C structured as in (7), where for the blocks
with odd numbered indices, A;; € Ap, and B;; € Ay, are diagonal with purely
imaginary eigenvalues or void and, provided that s > 1, the even numbered
blocks A;;, Bi; are both 1 x 1. Furthermore

As; i+ Coini = Caypoi + Bajoi = A (11)

Again the eigenvalues of M are the eigenvalues of the matriz obtained by deleting
all the off-diagonal blocks in A, B, and C'.
i) Let M € Cp,q. Then there exists Q € Op,q such that
_ A C
with B= BH, A = A" and A, B,C structured as in (7), where for the blocks
with odd numbered indices, Ay; € Cp,, Bi; € Cq, are diagonal with real eigenvalues
or void and, provided that s > 1, the even numbered blocks A;;, Bi; are both 1x 1.

Furthermore -
Agio; + Cojoi = —Cai i + Bojos = A (13)

Again the eigenvalues of M are the eigenvalues of the matriz obtained by deleting
all the off-diagonal blocks in A, B and C.

Proof. i) The proof proceeds via induction on the dimension m = p+g¢q. The
case m = 1 is trivial, since in this case p = 0 or ¢ = 0. Assume that p and ¢

are both positive. Let A be an eigenvalue of M, and let z = il # 0 be an
2

associated eigenvector, with z; € C? and z2 € C?, and let Q11 € Op, Q22 € Oy
be such that
Qiiz1 = arer, QHhzs = asepya,

where ay = ||z1]|, as = ||z2|| are real and nonnegative and e; denotes the i-th
unit vector, e.g. [14].

If a; and as are both nonzero, then we cannot eliminate another element
using a matrix in O, 4 N Op,. So if we wish to retain that the matrix remains
in the group, we have to use hyperbolic rotations.

If a1 # as, then a hyperbolic transformation can be applied to further reduce
the transformed vector. We then have to consider the three cases a1 > as,
a1 = a2 # 0 and oy < az. The case that both parameters are 0 cannot happen,
since z # 0.



If oy > ag, then there exists a hyperbolic rotation [ Z

c S 51 _ 1
s ¢ as | | 0|
with 81 = (o2 — a3)Y/2 > 0.
If a1 < as, then there exists a hyperbolic rotation such that

B!

with B2 = (a3 — a?)Y/2 > 0.

In the third case, a; = a2, no hyperbolic rotation exists that eliminates
either of the two elements. Then we set ¢ =1, s = 0.

Having chosen ¢ and s, set

o ®

] € O;,1 such
that

H
Ql_l = Hy(c, s) [ QOM QozHg ] € Opgq-

It follows that

[ﬁl O ... 0 0 0 ... O]T; o1 > 0o,
Q;ll': [0 0 ... 0 B 0 ... O]T; oy < ag,
[a2 0 ... 0 a2 0 ... 0]7; ar=ay#0.

In the first case, we see that

Q7' MQ1er = Xey,
so that

2 | (14)

M = Ql_lMQl = |: 0 MI

and since M € O, ,, we obtain |[A\| = 1, w =0,p1 =1, ¢ = 0,and M’ € Op_1 ,.
In the second case, we have

—1
Q1 " MQiept1 = ept1,

so the transformed matrix takes the form

B My 0 Mg
M=Q'MQ:=| wff X wf |, (15)
Mz 0 Mss
and since M € Op,q; we obtain [A\| =1, w; =0, w3 =0,p1 =0,¢1 =1, and
My M
! _
M= [ My Ms | € Opa-1-

10



In the third case no further reduction of the vector Q; ly = aqer + aepy1
is possible with a hyperbolic rotation. In this case we have

mi1 wl% mip+1 wlhérl
M= Q' MQ, = Y1 Mo Y23 Mf2{4 (16)

H
Mp+1,1 W3z Mpilp+1 W3y
Yya My Y43 Myy

and M(aie; + azepr1) = (uer + azepp1)A. From aq = a we obtain that
mip + M1 pr1 = A, Mpr11 +Mpr1pr1 = A (17)

and

Ya1 +Ya3 =0, Y21 + y23 = 0. (18)
By Proposition 4 we have that X, ;(e1 + ept1) = €1 — ept1 is a left eigenvector
associated with the eigenvalue X', Hence we obtain

—1 ~—1

Mit = Mp11 =X 5 —Mip1 +Mpiipr = A (19)

and
wi2 — w32 =0, wig —w3s =0. (20)
We immediately obtain that the submatrix i ,pt has the

Mp+1,1 Mp41,p+1
. —1
eigenvalues A\, \ .
If we consider the unitary matrix

_ \/571 \/571 -
1
U= 1 (21)
_\/571 \/571 )
1
. 1 -
then we obtain from the identities (17) through (20) that
A * * *
- 0 Mse * Moy
UMUH = — ) 22
0 0 X' 0 (22)
0 M42 % M44

11



As a consequence we obtain that the spectrum of M is equal to the union of

the spectra of mi Mp+1 ] and M' = [ Mo M>a
Mpt1,1  Mpt1,ptl Myy My
from (18) and (20) it is easy to see that M' € Op,_1,4—1. In this case,p1 = ¢ =0
and ps = ¢z = 1.

The proof now follows by induction. In each of the above three cases, we
perform a similarity transformation based on the given eigenvector, and produce
a matrix in a smaller group whose eigenvalues are the remaining eigenvalues of
the original matrix. By induction, there is a ¥, ;-unitary matrix V such that
V~IM'V is in the form of (7)—(9). Partitioning V' compatibly with (14), (15) or
(16), and embedding the partitioned matrix into a ¥, ;-unitary matrix ()2 in the
obvious fashion, we see that Q@ ! MQ has the desired form, where Q = Q1 Q.

The proof for ii) is analogous while iii) follows from ii) using Proposition 5.

] . Furthermore,

O

Remark 9 The class of transformation matrices O, 4 is too small to bring
every matriz in Opq, (in Ap g or Cpq) to upper triangular form via similarity.
Consider for example the matriz

1

et

53
35

with the eigenvalues 0.5 and 2. There exists no upper triangular matriz in O 1
that is similar to M, since in this case all the eigenvalues have to be unimodular.
On the other hand, the form (7) displays all the eigenvalue information. The
columns of the part of the matriz that cannot be eliminated have length 0 in the
indefinite scalar product defined as < u,v >p = uf%, 0.

We also see that, in contrast with the symplectic case, we cannot obtain the
condensed form using transformations in Op 4 N Op,, again since this class is
too small to perform the necessary reductions.

] € 011

Remark 10 In some cases we can reduce the form (7) further if subparts in
the off-diagonal blocks of the top and bottom part do not have equal length. But
since we can never eliminate in these blocks completely and since the eigenvalues
are displayed, we may as well avoid further reduction.

Remark 11 Since we want the proof of Theorem 8 to be constructive, we start
every step of the induction by choosing an arbitrary eigenvector. Therefore, the
parameters p; and q; in (7) are not uniquely determined.

Analogous results can also be obtained in the case of real matrices in all
three classes. To obtain these results, we always combine complex conjugate
pairs of eigenvalues and the associated eigenvectors.

We have presented structured condensed forms from which the eigenvalues
can be read off in a simple way. These results simplify considerably in the case
that the matrices have multiple structures. We will discuss Schur forms for such
matrices in the next section.

12



5 Schur-like forms for multi-structured matri-

ces.

In some applications one needs the computation of eigenvalues of matrices that
have more than one structure. In this section we present Schur-like forms for

matrices from intersections of two of the classes introduced in Section 1.

5.1 Intersections of two ¥, , classes.

Let us first consider the intersections of classes defined by X, ;, and X

= =, where

p+q=p+§=m and, wlo.g., p>p. Directly from the definitions we obtain

the following structures.

Proposition 12
i) Matrices in A, q N Ap,g have the form

A4 A 0 G
—AH Ay 0 G

0 0 By O
CH CH 0 B,

Ay Ay Cy
with —Ag Az Cs € Aﬁ,q and By € .Aq,q.
ci cf B,

i) Matrices in Cpq N Cp,5 have the form

A4 A 0 G
AT A4 0 Oy

0 0 By 0
—CH —CcH 0 B,

Ay Ay 4
with Ag A3 Cy € Cﬁ’q and B; € C(j_q.
-cE -cF B,

i43) Matrices in Opq N Op 5 have the form

Ay A 0 Gy
Ay Ay 0 (s

0 0 By 0
Dy Dy 0 B,

All A12 Cl
with Asr Ass Oy € 057,1 and B; € Oq_q.
Dy Dy, B

13



w) Matrices in Ap q NCp5 have the form

0 0 Ci 0
0 0 Cx 0

ck ¢cE o0 B (26)
0 0 -Bf 0

The intersection of a group with one of the algebras does not show any
obvious structure. In cases i)-iii), the problem reduces to two smaller problems,
each having a single structure for which the results of Section 4 apply. For
case iv) the computation of the eigenvalues reduces to the computation of the
singular values of the matrix [ Cf! C3' B ]. Animportant special case that
arises in particle physics [18, 19], is the case p = ¢ and p = 0. In this case the
matrices have the form

2 S)

where C € CP*P, Again, the eigenvalues can be determined via the singular
values of C.

5.2 Intersections of a J class and a ¥, , class, p # n.

In this subsection we consider matrices with a multiple structure related to both
J and ¥, 4, with p+¢ = 2n and w.l.o.g. p > n. We obtain the following obvious
structures which follow directly from the definitions.

Proposition 13
i) Matrices in Han N Ap,q have the form

A 0 C1 0
0 A 0 O,

—¢ 0 A 0 | (28)
0 Cy 0 A
. A1 C1 A2 02
with [ 0 A, ] € Ha(n—q) N Az(n—q) and [ C, A, ] € HogNAgq-
i) Matrices in Han N Cp g have the form
Al 0 Cl 0

Cy 0 -4 0 ’
0 -C; 0 -4

. Ar Gy As Co
with [ i —A, ] E'Hz(n,q) ﬂCg(n,q) and [ _Cy —As :| € HagNCy,q.

14



i) Matrices in SHan N Ap g have the form

Al 0 Cl 0
0 As 0 Cs

C 0 -4 0 ’
0 —-Co 0 —A,

(30)

. Al Cl
with [ 0, —A,
iv) Matrices in SHay N Cp 4 have the form

:| GSHQ(n_q) ﬂAg(n_q) and |: 4 G

—Cy —A, :| ESHQq ﬂAqiq.

A 0 Ci O
0 A, 0 O
-C; 0 A4 0 |’
0 02 0 A2

A Gy

. Ay Cy
with |: —C, A, ] € S/Hg(n,q) ﬂCQ(n,q) and |:

Cy A, :| € SHQq N Cq,q.

No obvious simplified structure occurs in intersections of A, , or Cp , with
Spay, or of Hap or SHay, with Op 4. In all four cases of Proposition 13 the
treatment of the smaller matrices is relatively easy. The first submatrices in
each of the cases are discussed in detail in [8] while the second submatrices will
be discussed in the next section.

5.3 Intersections of a J class and a ¥, , class, p =¢ = n.

In this section we discuss the most important multi-structured case in applica-
tions, p = q¢ = n.

Theorem 14
i) Let
_ u v |. H _ H _ H _ H
M € OpnnNSpay = vV U :UU vv® =1, UV® =VU

Then there exists Q € Op,n N Spay, such that the eigenvalues of
u v ]

QMG = [ v (32)

are given by ui; + vy, where uy; and vy denote the i-th diagonal element of U
and V, respectively. Furthermore we have (ui; + vig)(ugy — vy) = 1.
i1) Let

MeAn,nm%:{[g ﬁ]:Az—AH,BzBH}.

15



Then there exists Q € On,.n N Spap, such that the eigenvalues of
A B
-1 _
o= 5 4] (33)
are given by a;; + by, where a; and by denote the i-th diagonal element of A
and B, respectively, Furthermore by is real and a;; is purely imaginary.
iii) Let

MECn,nﬂSHgn:{[g i]A:AH’B:—BH}

Then there exists Q € Op n N Span, such that the eigenvalues of
A B
1 _

o= 5 4] (34)
are given by a;; + by, where a; and by denote the i-th diagonal element of A
and B, respectively. Furthermore a;; is real and by; is purely imaginary.
U Vv X1 .
v U ] € Op,n N Spap, and let [ . ] # 0, with
z1,z2 € C", be an eigenvector associated with the eigenvalue A of M. It follows
X1 + 2
X1 + 2
eigenvalue X\. Let Q € O, be such that Q7 (z; + 25) = aegn), where a # 0. If
we form

Proof. i) Let M = [

immediately that [ ] is also an eigenvector of M associated with the

U11 Zf V11 Zf

v QH 0 :| [ Q 0 :| Yu Mu Yo Mv
M = M = R

[ 0 QH 0 @ V11 Zf U11 Zf

Yo M'u Yu Mu

(2n)

where uq1,v11 € C and M,, M, € C("fl)x("fl), then we see that e§2") +eniq

is an eigenvector of M associated with the eigenvalue A, i.e., we have

U1 V11 1 - 1
V11 U1l 1 1|
U1 Y11

The eigenvalues of [
UL 11

] are uy; £v11. Furthermore we have y,, +vy, = 0.

Similarly, by Proposition 4 the vector e{*" — eﬁff} is a left eigenvector of M

—1
associated with the eigenvalue A , so that zX — 2 = 0 as well. Hence we
. M, M,

obtain [ M, M, ]

Since the latter matrix is symplectic, we have

€ On—1,n—1 N Spa(n—1) and [ v ] € 011 N Spa.
V11 U111

(wis + vis) (wis — vy5) = 1.

16



If we consider

1 0 0 0
|10 I,-y 0 O
§i= 1 0 1 0 ’
0 0 0 I,
then we obtain
0 2B vy 22
—1 1 _ 0 Mu Yo Mv
STMS = 0 0 0 0 ’
0 M, vy, M,
. ~ . . U111 V11
i.e., the spectrum of M is equal to the union of the spectra of [ v u ] and
11 U11

M, M,

[ M, M,

The proof of ii) is analogous to the proof of i) noting that A is skew-Hermitian

and that B is Hermitian. The proof of iii) follows from ii) and Proposition 5.
d

] . The rest of the proof follows by induction.

The intersections of algebras with groups again does not give any particular
structure, so it remains to discuss the final class which motivated our interest
in analyzing multi-structured matrices. Matrices from the set

A B

“B -4 (35)

Hznncn,nz{[ ]:A:AH,B:BH}
arise in linear response theory in quantum chemistry [11, 12, 24]. By definition,
similarity transformations with matrices from O , N Spa, will preserve the
structure. The elements of 3, have the eigenvalue-symmetry ’X\, —\’ while we
find the eigenvalue-symmetry ’A, X’ for the matrices from C,, ,,. Therefore the
eigenvalues of M € Hap, N Cp pn will occur in quadruples "X, —A, A, — X’ unless X
is real or purely imaginary. So we expect 4 X 4-blocks to occur in Schur-like
forms for these matrices. Before we formulate the main result let us state some
properties of the matrices under consideration.

A B ™
_B _A]EHgnﬂCn,n,letm—[$2]7é0,
with £1,x2 € C™, be an eigenvector of M associated with the eigenvalue A of M

T2 ] Then
Z1

Proposition 15 Let M = [

and let y :=

1. y is an eigenvector of M associated with the eigenvalue —A.

-

] is a left eigenvector of M associated with the eigenvalue

3. If X is not purely imaginary, then iz, — xHzs = 0.

17



4. M(z+y)= Az —y) and M(x —y) = Mz +y).

. . R B .
iz + 7 is an eigenvector of the matriz M = [ _A _B ] associ-

ated with the eigenvalue .

5 [ iz, + o

Proof. 1., 2., 4. and 5. are easy to verify. Furthermore we have by 2. that

MNas oy —offms) = X[ 28 —af ][2]

A

ie, A+ A) (282 —2flz)=0. O

Theorem 16 A
i) For each M € Hap N Chyp, there exists Q € Spap, N Oy such that the

matrix

[ Ay A2 -+ Ay By Bis -+ By
As1r Ass -+ Asy Bay Bay -+ By
A A A Ap - A By B .-+ By
—lM — k1 k2 kk k1 k2 kk
“ ¢ —Bi1 —Bia -+ =B, —Ann —Ai - —Ay |’
—By1 —Bsy -+ —Byp, —Asr —Asy - —Aoy
| = Byi —Bra -+ —Brpy —Am —Are - —Ap |

with Aij, Bij € C"*™ and n;,n; € {1,2}, has the following properties:
1. The eigenvalues of M are the eigenvalues of the matriz obtained by deleting
all the off-diagonal blocks in A = [A;;] and B = [By;].
A Ba
—Bi; —Ai
particular these eigenvalues are both real or both purely imaginary.

2. If n; = 1, then the eigenvalues of [ ] are £1/A2 — B%. In

3. If n; = 2, let m, denote the (1,2) element of Ay and my denote the
Ay B
—Bii —Ai
me £ my and —m, £ my, where my is real and my is purely imaginary, or
+imy, where my is real.

(1,2) element of B;;. Then the eigenvalues of ] are either

18



A B
-B -A
there exists Q € Span, N Oy, such that the matriz

ii) Let M € SHan N Apn :{[ ] :A=—AH B=_BH} Then

[ A A - Agg B By, --- By
A21 A22 - AZk le B22 - sz
A A A A - A B B ... B
1370 = k1 k2 kk k1 k2 kk
“ ¢ —Bi1 —Bis -+ =B, —Ann —Ai - —Au |’
—By1 —Bsy -+ —Byp —As1 —Ass .- —Aoyg
| —Bwi —Bie -+ —Brr —Ap —Ap - —Aw |

with A;j,B;; € C"*" and n;,n; € {1,2}, has the following properties:
1. The eigenvalues of M are the eigenvalues of the matrix obtained by deleting
all the off-diagonal blocks in A = [A;;] and B = [Byj].
A By
—Bi —Ay
particular these eigenvalues are both purely imaginary or both real.

2. If n; = 1, then the eigenvalues of [ are A;; + By, In

3. If n; =2, let my and my denote the (1,2)-element of A;; and By, respec-

. . Ay By .
tively. Then the eigenvalues of _sz” _ZH ] are either mg, +my and
L [ i
—mg = my, where m, is purely imaginary and my s real, or £my, where
my 1S real.
. A B ] - H H nxn
Proof. i) Let M = ‘B _4 with AY = A/ BY = B e C and

let 2 # 0, with z1,z5 € C", be an eigenvector of M associated with the
eigenvalue A. We will use transformation matrices that are either of the form
[ 602 2? ] with @ € O, or hyperbolic rotations Hy, (¢, s) with ¢, s € R. We have
to distinguish two cases:

1. z; and z are linearly dependent. If we assume w.l.0.g. that x; # 0, then

there exists v € C such that zo = yz1. (In the case ;1 = 0 we consider 52 ]
1

and — A, according to Proposition 15.1.)
Let ez(-") denote the i-th unit vector in C", and choose a unitary matrix Q € O,
such that Q¥z; = aegn), where o # 0. Then we obtain

QH$2 = 7ae§n) )
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and hence we have

" me yf myp ylfI
=19 0 1@ 0{_| v« M w M
0 @ 0 @ —my Y —ma -y

-y —My —yo —M,
where mg, my € C and M,, M, € cnDx(n=1) " Gince e§2") + 7e§ff} is an
eigenvector of M associated with the eigenvalue A, we have
ma(l =9 =(1+7)A and (1-9)y, =0.
(a) Ify? =1, i.e., v = £1, then A = 0 and
mg +ymp =0 and y, +vy» = 0.

Hence, using

1 0 0 0
|10 I, 0 O
§i= v 0 1 0
0 0 0 I,
we obtain - -
0 ya mb yb
15 0 Ma Yp Mb
1 -
§TMS = 0 0 0 0 ’
0 _Mb —Ya _Ma
. . . mg my
i.e., the spectrum of M is the union of the spectra of [ ] and
—mp —Myg
Ma Mb
_Mb _Ma '

(b) If 42 # 1, then [ /I; ] and [ }/ ] are linearly independent and by Propo-

sition 15.1 they are eigenvectors of { mT; n:r;; associated with the eigen-
— Iy TTibg
values A and —A\. Forming
1 0 ol 0
|0 I,y 0 O
5= v 0 1 0 ’
0 0 0 I,
we obtain
A * 0 *
~ 0 M 0 M,
-1 _ a b
STMS = 0 * =X % ’
0 -M, 0 -M,



mq my
—my —My

i.e., the spectrum of M is the union of the spectra of [ ] and

Ma Mb . myg mp
[ M, —-M, ] Since [ —my —mg ] € H2 N C1,1, we find by symmetry

that A must be real or purely imaginary.

2. If z; and zy are linearly independent, (i.e., in particular n > 2), then this
also holds for z; + Bz and z1 — Bx2, where 8 # 0.

(a) If A is not purely imaginary then we have by Proposition 15.3. that zfx; —

zf 25 = 0. Therefore, 3 = ,/@ € R yields
av2 i)
(21 + Bx2) " (21 — Br2) = 2t 11 — 2] 35 + B(2d 21 — 2 25) = 0.
Consequently there exists Q € O, such that
Q (x1 + Bxs) = alegn) and Q(zy — fas) = agegn),

where oy and ay are positive and w.l.o.g. a; > as (otherwise we exchange the
first two columns of Q). Considering

" mg * myp *
= Q 0 o Q 0] _ * M, * M,
10 @ 0 Q| | —ms * —my * ’

* —Mb * —Ma

with mq,my € C**? and M,, M, € CE”_2)X(”_2), we see that aje; + azes +
G ent1 — Feny2 is an eigenvector of M associated with the eigenvalue A:

~ (6] o
M(alel + ases + Flen+l - §€n+2)

" z1 + Bro + x1 — P
M Loy +30— Lo +
B 1 T2 ﬁml T2

|2

Q 0 a 2.23'1
0 Q 2.’132
(6%)]

«a
Aarer + azes + Flen—‘rl — Fen—}-Q)-

8

% 1

allg]-le ][22l % ]-1%]

21

i. If B8 # 1, there are hyperbolic rotations [ ? ] , 4 =1,2, such that



Since ay,as,8 € R, we can choose ¢; and s; to be real. Transforming M and
the eigenvector associated with A analogously, we have reduced the problem to
the case 1.(b). In particular it follows that ) is real or purely imaginary.

ii. If 8 = 1, there exist no hyperbolic rotation as before. Then let m, :=
[ Mal a2 ] and my = [ b1 b2 ] . The relevant eigenvector is e; + ez +

Mqa2  Ma3 Mp2 M3

€n+1 — €nt2, because § = 1 yields a; = as. Thus, using Proposition 15.4 we
obtain:

Mgl  Mg2  Mpl M2 1 0

Ma2  Me3  Mp2 M3 0] _ A 1
—Mp1 —Mp2 —Mg1 —Mg2 1 B 0
—Mp2  —Mp3  —Mg2  —Mg3 0 -1

and

Mgl M2 Mp1 Mp2 0 1
Ma2  Me3  Mp2 mp3 1| _ A 0
—Mp1 —Mp2 —Mg1 —Mg2 0 B 1
—Mp2  —Mp3  —Ma2  —Mg3 -1 0

In particular we have mgo + mpz = A and mgee — mys = A, i.e., myo is real
and mye is purely imaginary. If mgeampe # 0 it follows that X is neither real

T ] are A\, —\, A and —\.

This also holds in the case that mgeampz = 0, since the eigenvalues depend
continuously on the entries of a matrix and, and replacing mgs by mge2 + €,
and myz by mye + ¢ - €, respectively, where £,,65, € R, does not change the
eigenvector [ 11 1 -1 ]H. Forming the unitary matrix

. . . My
nor purely imaginary, so the eigenvalues of m
b

1 1 0 1 -1 0
1 1 0 -1 1 0
1l o o0 I,, 0 0 0
S=[s o] =51 1 02 1 1 0
-1 1 0 1 1 0

0 0 0 0 0 I,

and noting that according to Proposition 15 1. the columns s; and s,41 areright
eigenvectors of M associated with the eigenvalues A resp. —A and according to
Proposition 15 2. the columns s2 and s,42 are left eigenvectors of M associated
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with the eigenvalues —\ and ), we obtain

A * * % 0 * * %
0 -2 00 0 0 0 0
0 0
. o o« Moo L M
STMS = 0 * * % - * * % ’
0 0 0 0 0 ) 0 0
0 * 0 *
| 0 * —M 0 o M |

i.e., the spectrum of M is the union of the spectra of the 4 x 4 matrix
Mg my :| and[ M, My :|

—mp Mg -M, —M,
(b) If A = —ip is purely imaginary, then it follows from Proposition 15 5. that
1T1 + To . . B . . .
[ iTy + 2y ] is an eigenvector of [ _A _B associated with the eigenvalue
p. Transforming this matrix as in the case 2.(a), yields analogous results for M,
since we have for all transformations [ v Z. ] € Op,n N Spay, that

R | A e
o v o]l S5 =[5 7]

Note that the element m; in the case 2.(a) is now real.
] € HopNCpp, withk=n—-1lork=n-2.

S
T
T
S

Ma Mb

_Mb _Ma

So the proof follows by induction.
The proof for ii) follows directly from Proposition 5. [

In all cases we have [

Remark 17 In general the remaining 4 x 4-blocks in Theorem 16 cannot be
divided further into two 2 x 2-blocks. This is possible only if the eigenvalues are
real or purely imaginary.

Remark 18 As we see from the proof of Theorem 16, the only time we need
hyperbolic rotations is when we want to split certain 4 x 4-blocks into two 2 x 2-
blocks. That means that we are able to achieve a Schur-like form whose eigenval-
ues are displayed by at most 4 x 4-blocks by using only unitary transformations.
This result does not hold in the real case.

A B

Remark 19 Not every matric M = [_B _A] € Hon N Cp,n has the property

that the eigenvalues of M can be obtained by deleting all the off-diagonal blocks
in A and B. This is a special property of the Schur-like form for these matrices.
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Consider for ezample A= [{;] and B = [J2]. In this case M is nonsingular,
but the matriz obtained by deleting all the off-diagonal blocks in A and B is

ZEero.

6 Conclusions

We have discussed Schur-like forms for matrices with one or more algebraic
structures arising from a classical Lie group, Lie algebra or Jordan algebra. In all
cases we obtain a structured Schur-like form that displays all the eigenvalues. In
particular, we have obtained such Schur-like forms for multi-structured matrices
which arise in quantum chemistry.
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