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Abstract

The ongoing development and analysis of efficient algorithms for solv-
ing positive definite Toeplitz equations is motivated to a large extent by
the importance of these equations in signal processing applications. The
role of positive definite Toeplitz matrices in this and other areas of math-
ematics and engineering stems from Schur’s study of bounded analytic
functions on the unit disk, and Szegé’s theory of polynomials orthogonal
on the unit circle. These ideas underlie several Toeplitz solvers, and pro-
vide a useful framework for understanding the relationships among these
algorithms. In this paper we give an overview of several direct algorithms
for solving positive definite Toeplitz systems of linear equations from this
classical viewpoint.

1 Introduction

Problems related to solving the system of equations Mz = b, where
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is a Hermitian positive definite Toeplitz matrix, arise in several fundamental
problems of signal processing, time series analysis, and image processing. There
has therefore been a significant amount of effort devoted to developing efficient
algorithms for solving positive definite Toeplitz equations. We refer to any of
these algorithms as a Toeplitz solver.
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The development of Toeplitz solvers goes back to the work of Levinson [33]
in 1947, who presented a fast algorithm for solving a positive definite Toeplitz
system of equations for solving discrete-time Wiener filtering problems. This
work and subsequent work by Durbin [17] for solving the Yule-Walker equa-
tions of prediction theory, Trench [37] for constructing M ! from the solution
of one set of Yule-Walker equations, and Bareiss [8] for computing a triangu-
lar factorization of M form the foundation for direct algorithms for Toeplitz
equations.

Toeplitz solvers can be divided into two classes: direct methods and iterative
methods. The direct methods are further classified according to their arithmetic
complexity. We will say that an algorithm that requires O(n?) floating-point
arithmetic operations (flops) is a fast algorithm. This is in contrast with the
O(n?) flops required by algorithms for arbitrary positive definite matrices, such
as Cholesky’s method. We will also refer to a method that requires O(nlog® n)
flops as a superfast algorithm. While any superfast algorithm will require fewer
flops than a fast algorithm for sufficiently large n, the practical value of a su-
perfast algorithm will depend on when this crossover of flop counts is achieved,
and also on the tractability of implementing the algorithm on a computer.

In this paper we give an overview of several direct Toeplitz solvers and their
connections with Schur functions and Szegé polynomials. Although knowledge
of the connections with the classical theory is not necessary to derive the algo-
rithms, we find the connections illuminating on the overall mathematical struc-
ture of the problems being considered. In fact, we have found the classical con-
nections invaluable in understanding and implementing the superfast Toeplitz
solver described in [5, 6].

2 Schur’s Algorithm and the Carathéodory—Toeplitz
Theorem

The original mathematical importance of positive definite Toeplitz matrices is
in the solution of the classical Carathéodory coefficient problem, proved indepen-
dently by Toeplitz and Carathéodory in 1911. An analytic mapping w = f(z)
of the unit disk |z] < 1 into the closed right half-plane R(w) > 0 is said to be a
Carathéodory function, or a function in the class C.

Theorem 2.1 (Carathéodory-Toeplitz Theorem) The power series
0 .
w=f(z)=p+Y
j=1

defines a function in the class C if and only if the Hermitian Toeplitz matriz
M, = [Nj—k]?,gio is nonnegative definite for each integer n > 1, where py =
p+pand p_; =q; for j > 0.



In 1917, Schur gave a constructive proof of the Carathéodory-Toeplitz theo-
rem via his study of analytic functions bounded in the unit disk [35]. In partic-
ular, Schur gave a procedure for determining when a given function w = ¢(z)
maps |z| < 1 analytically into |w| < 1. Such a function is now called a Schur
function, or a function in the class S.

Schur showed that the function class S can be parameterized by certain
sequences of complex numbers ;, known as Schur parameters. They determine
a continued fraction representation of the given Schur function ¢g(z). Schur
gave the following procedure for constructing these parameters.

Algorithm 2.1 (Schur’s Algorithm)

Input: A complex-valued function ¢(X).

7 = ¢0(0)
for k=1,2,... while |y| <1
1 dp—1(A) — v
2=~ 2t T %
PN =X T S
Yit1 := ¢1(0)
end.

The initial function ¢¢ is a Schur function if and only if one of the following
holds:

(1) || <lfork=1,2,..,;
(2) |vel <lfork=1,2,...,n—1, |7a] = 1, and ¢ (X) = 7p.

If condition (2) holds, then ¢¢ is a rational Schur function.
It is natural to view the Schur functions generated by the algorithm as ratios
of formal power series,
aj()\) a0 + Oéjl/\ + O[jg)\2 +---
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In terms of these power series, we can restate Schur’s algorithm as

¢;(N) =

1

an(A) = 3 (an—l()‘) - ’Vnﬂn—l()‘)) Br(A) = Br—1(A) = Fpan-1(A)  (2.1)

If we partially normalize the initial ratio so that By > 0, then the constant
terms of the denominators are related by

Bio =1 —|v%*)Bj-1,0

so that ¢o(A) is a Schur function if and only if {8;0} is a nonnegative, nonin-
creasing sequence that is infinite, or finite and terminating with 3, o = 0.



Schur gave explicit determinantal formulas for the numerators and denomi-
nators in (2.1), and using the the correspondence
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between the algebra of formal power series and the algebra of singly infinite
triangular Toeplitz matrices, he concluded that

ﬂno = det(Ban - AnAg)

where A,, and B,, are the n x n leading principal submatrices of Ay, and By..
This gives the following characterization of Schur functions.

Theorem 2.2 ([35]) The ratio of formal power series ¢o(z) = ap(2)/Bo(2) is
in the class S if and only if the matriz

B,BE — A, Al
is nonnegative definite for each integer n > 1.

The Carathéodory-Toeplitz theorem follows directly from this result. In
particular, the power series f(z) of Theorem 1 is in the class C if and only if

1-f(2) _ ao(2) _

is in the class S. By Theorem 2.2, this is true if and only if the matrix

(I+F)I+F)" —(I-F,)I-F,)" =2(F, +F") =:2Mm,

is nonnegative definite for every n.

3 Fast Cholesky factorization

In 1969, Bareiss [8] presented an algorithm of complexity O(n?) for computing
a triangular factorization of a Toeplitz matrix. When applied to a positive
definite Toeplitz matrix M = M,, 1, Bareiss’s algorithm computes the Cholesky
factorization

M =: LDL", (3.1)

where L is a unit lower triangular matrix, and D = diag[dg, d1, - . . 0], with each
(5j > 0.



It is now well known that the algorithm of Bareiss applied to a positive
definite Toeplitz matrix is a manifestation of Schur’s algorithm. Algorithms
related to Bareiss’s algorithm are therefore also referred to as algorithms of
‘Schur type’. See [28, 31] for discussions of this connection as well as wider
connections of Schur’s algorithm with signal processing and matrix computation.
The explicit relationship between Schur’s algorithm and Cholesky factorization
is given in the following proposition [5].

Proposition 3.1 Let M,+1 be a Hermitian positive definite Toeplitz matrix.
Then the rational function

ao(N)  Xisg —RiaN
Bo(N) o N

is a Schur function. Moreover, the entries of the lower triangular matriz LD =
[7,6)} k=0 are given by Tjk = By, ;_y for k < j, where By()) is the denominator
polynomial that results from k steps of Schur’s algorithm applied to ag(A), Bo(A)
given in (3.2).

$o(A) =

(3.2)

Thus, the jth column of the Cholesky factor L is determined directly from the
first n — j coefficients of the denominator polynomial §; of each function ¢;
generated by Schur’s algorithm.

The computations involved in Schur’s algorithm can be viewed in terms of
infinitely long column vectors containing the coefficients of 3;(A) and a;(A).
The Schur parameter v;41 = a,0/8;,0 determines a scaled hyperbolic transfor-
mation that produces a zero in the first entry of the second column. Then the
second column is shifted up, or equivalently, the first column is shifted down,
corresponding to dividing the numerator by A.

[ Boo 0,0 Bi0 0

50,1 ao,1 ﬂ1,1 a1,0 /31,0 a1,0
50,2 ap,2 1 ) ,31,2 Q1,1 51,1 1.1
. . _ — . — .
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Of course, in practice only finitely many of the coefficients agr and Bog
will be used. Note that the first n coefficients of ap and By will determine
the first n — k coefficients of ay and B (kK = 1,2,...,n) and the first n Schur
parameters ;. One can arrange the computation of these coefficients to proceed
‘column-by-column’; each step producing vectors of length one less than the
previous column. We refer to this arrangement as the parallel form of Schur’s
algorithm, since parallel implementations of Schur’s algorithm will produce one



set of columns from the previous set in one time step. This it is the natural
form for the algorithm from the perspective of displacement structure (see [31]).

Alternately, the computations can be arranged so that each pair of coeffi-
cients (ao,;, fo,;) of the initial power series is entered and processed sequentially.
This results in the progressive form of Schur’s algorithm which, in terms of the
infinite column vectors above, can be thought of as a rowwise arrangement of
Schur’s algorithm. This form is more natural from the point of view of con-
tinued fractions, since the number of coefficients in the initial numerator and
denominator need not be known in advance. In fact, having generated the nth
row of LD, and the first n Schur parameters, one can naturally add the next
row, and generate the next Schur parameter.

Algorithm 3.1 (Progressive Schur Algorithm)

fork=1,23,...n
read ag r—1 and Bo,k—1
forj=1,23,...,k—1

R
Bjk—j -y 1 Bi—1,k—j
Y& = @k—1,0/Br=1,0,

Br,o = Br—1,0(1 — |&[?)

The parallel and progressive forms of Schur’s algorithm are simply rearrange-
ments of each other. They compute the Schur parameters v;, and the first (n—k)
coefficients of oy, and B, k = 1,2,...,n, using roughly n? multiplications and
n? additions.

4 The Szeg6 Recursions and Levinson’s Algo-
rithm

Another class of Toeplitz solvers arises from Szegd’s theory of polynomials that
are orthogonal with respect to a measure on the unit circle in the complex plane.
A bounded nondecreasing distribution function a(t) with more than n points of
increase on [—, w] defines a measure on the unit circle on the complex plane,
and an inner product (-,-) on the set C,[)\] of polynomials of degree at most n,

according to
™

@), 5) = [ e )da) (41)
-7
This inner product on C,,[)\] is determined by its moments (M, A*), 0 < 5,k < n.
Note that ‘ . ‘
()‘]7’\k) = (/\]’\ 71) = (’\Jika 1) =Rk
so that the (j, k) moment depends only on the difference j — k. The moment
matric My = ["j*k]?,kzo is therefore a Hermitian positive definite Toeplitz



matrix. Conversely, it follows from the solution of the classical trigonometric
moment problem that every positive definite Hermitian Toeplitz matrix M1
arises as the first n + 1 moments of an inner product on the unit circle in this
manner. See, for example, [1, 25].

The unique family of monic polynomials {1;(A)}7_, that satisfy

Wi ={ 5 50 BIZN (12)

with deg (%(A)) = j is said to be orthogonal with respect to a measure on the
unit circle. These orthogonal polynomials were studied by Szegé [36] and are
also known as the monic Szegd polynomials associated with M, 1. Szegd showed
that these polynomials satisfy a simple recurrence relation, from which it follows
that they can be generated using the following recursive procedure, which we
refer to as the Szegd recursions.

Yo(A) :==1, o = po,
for =0,1,...,n—1do
Vi1 = —(1,X¢5)/6; (4.3)

Vi1 (A) == M (A) + 754195(A)

41 := 85 (1 = v l?),
where ﬁj(/\) = )\Jﬂj(l /A) denotes the polynomial obtained by conjugating and
reversing the coefficients of t; in the monomial basis of C;[].

The coefficients of the monic Szegd polynomials provide a factorization of
the inverse of the Toeplitz matrix. In particular, let Rni1 = [pjk]} ,—o denote
the unit right triangular matrix of order n + 1 whose kth column contains
the coefficients of 1 (\) = Y5 .k, with pgx = 1 and pj = 0 for j > k,
0 < k < n. Then in terms of matrices, the orthogonality condition (4.2) becomes

R5+1Mn+1Rn+l = Dn+17 (44)
or equivalently,

M} = Rn+1D7_LJ1r1Rf+1= (4.5)
where D,y := diag[x]}_,- Thus, the coefficients of the Szegd polynomials

determine the reverse Cholesky factorization of M—!, and moreover, the Szegd
recursions provide an O(n?) algorithm for constructing this factorization. This
algorithm is known as the Levinson-Durbin algorithm. See, for example, [10, 24].

The Cholesky factorization (3.1) and inverse Cholesky factorization (4.4) of
M are related by L' = R¥ | so that there is a close connection between Schur’s
algorithm and the Levinson-Durbin algorithm. In fact, when ¢¢ is defined from
M1 as in Proposition 3.1, then the Schur parameters generated by Schur’s
algorithm are equal to the recurrence coefficients {~; 7—1 generated during the
Szegd recursions. These parameters are often of interest in applications, where
they are known as reflection coefficients or partial correlation coefficients.



This gives rise to the possibility of a hybrid algorithm, in which the Szegé
polynomials are generated by the Szegd recursions, using recurrence coefficients
{7j}j=1 generated by Schur’s algorithm. Such an algorithm for computing Szegé
polynomials is proposed in [20] because of its advantages in parallel computing.
Moreover, Schur’s algorithm has better numerical behavior than Levinson’s algo-
rithm [21, 11], so one can expect the hybrid approach to produce more accurate
Szegd polynomial coefficients than the Levinson-Durbin algorithm [21].

5 Toeplitz Inversion Formulas

Direct Toeplitz solvers can be divided into two phases: a factorization or de-
composition phase and a solution phase. Toeplitz solvers that rely on triangular
factorizations of M or of M ~! require O(n?) flops in the first phase to compute
the factorization, and an additional O(n?) flops in the second phase to use the
factorization to solve Mz = b. However, several formulas exist for expressing
M~ in terms of its last column (or equivalently, in terms of ¢,, and §,,) which
can provide for increased efficiency in the second phase of a Toeplitz solver.
These Toeplitz inversion formulas also follow directly from results of Szegd.

The reproducing kernel polynomial k,(A,7) of degree n associated with the
inner product defined by M,,41 is given by

() = 30 W, (5.1)

=0

Szegd proved the following identity:

'&n()‘)"zn (1) = AT (M) 9Pn (1)
51— A7)

kn(A,T) = (5.2)
See [36, §11.4] or [25, §2.3]. The kernel polynomial is therefore determined
by the Szegd polynomial of degree n and its squared norm d,. This formula
is analogous to the Christoffel-Darboux formula for polynomials that satisfy a
Jacobi-type three-term recurrence relation [36, 1].

By comparing (5.1) and (4.5), we see that the coefficient of M7* in &, (), 7)
is the (j, k) entry of M, jl. Consequently, Szegd’s formula (5.2) allows one to
construct M;il from the coefficients of the last Szeg6 polynomial v, (\) and
its squared norm d,,. This was first observed by Trench [37], who presented an
algorithm for constructing M ~! using O(n?) operations. See [10, 24] for concise
descriptions of Trench’s algorithm.

If we view the polynomials in Szeg8’s formula (5.2) in terms of the corre-
sponding triangular Toeplitz matrices, we obtain a decomposition of M~ called
the Gohberg-Semencul formula. Specifically, let r = [p;]7_,, with p, = 1, de-
note the vector containing the coefficients of the monic Szeg6 polynomial 1, (),



and let L(z) denote the lower triangular Toeplitz matrix whose first column is
z € C"'. Also let Zny1 = L(er) and Jp41 = [en,€n—1,---,€0] denote the
downshift matriz and the reversal matriz, respectively, where [eg,e1,...,e,] =
I, 41 is the identity matrix of order n + 1. Then the vectors ro = Z,, 417 and
71 = Jn41T correspond to Ap, (A) and 1, (\), respectively, and we obtain from
(5.2) the Gohberg-Semencul formula for M;il,

oo Myt = L(r1)L(r1)" — L(ro)L(ro)". (5.3)

This formula is actually one of several formulas introduced by Gohberg and Se-
mencul that express the inverse of a Toeplitz matrix as the difference of products
of triangular Toeplitz matrices [23, 26]. These formulas have had a significant
impact in computational and theoretical problems involving Toeplitz matrices,
and in generalizing algorithms for Toeplitz matrices to larger classes of matrices.
One notable area of research stimulated by the Gohberg-Semencul formulas is
the work on displacement structures of matrices, beginning with [30, 18]. These
ideas have proved to be powerful in generalizing the Gohberg-Semencul formula
and algorithms for Toeplitz equations to larger classes of matrices. See, for
example, [32, 19, 29] as well as the recent survey [31] and references therein.

The utility of the Gohberg-Semencul formula in the solution of Toeplitz
equations stems from the fact that it can be used to compute M, _ilb using fast
Fourier transform (FFT) techniques in O(nlogn) arithmetic operations [27].
This is especially advantageous when several systems of equations involving the
same Toeplitz matrix are to be solved, since the first phase of the Toeplitz solver,
which involves a higher order amount of computation, would be performed only
once.

Toeplitz inversion formulas that provide for increased computational effi-
ciency in the second phase of a Toeplitz solver are presented in [3, 2], in which tri-
angular Toeplitz matrices in (5.3) are replaced with circulant and skew-circulant
matrices determined by the vector r. These formulas were derived using ideas
of eyclic displacement from [19], but they can also be derived directly from the
Gohberg-Semencul formula. The formula involving circulant and skew-circulant
matrices presented in [2] provides computational savings of over 42 percent rel-
ative to the use of the Gohberg-Semencul formula in the second phase of a
Toeplitz solver. Since then there have been several other formulas presented
that achieve this same level of efficiency in multiplying a vector by the inverse
of a Toeplitz matrix, and also generalize to a variety of other matrix structures
[22, 12, 16, 13].

6 The Generalized Schur Algorithm

Direct algorithms of arithmetic complexity O(nlog?n) for performing Phase 1
of a Toeplitz solver have been presented in [14, 9, 15, 34, 5, 6]. These algo-
rithms all rely on Toeplitz inversion formulas for their second phase, and use



doubling procedures and fast Fourier transform techniques to perform the first
phase. We refer to these as algorithms superfast Toeplitz solvers. However,
these algorithms will involve fewer arithmetic operations than a fast algorithm
only for sufficiently large n. It is shown in [5] that the superfast Toeplitz solver
presented independently by Musicus [34] and de Hoog [15] can be interpreted
in terms of a doubling strategy applied to the continued fraction generated by
Schur’s algorithm. This algorithm can be viewed as a hybrid algorithm that
uses the results of a fast implementation of Schur’s algorithm to construct the
Szegd polynomial 1,,.

6.1 Schur polynomials.
The functions ¢y, generated by Schur’s algorithm are related by

Pr-1(N) =ty (41 (V)
where t; denotes the elementary linear fractional transformation (LFT)

Y& + AT
tr = .
k(T) 1+7k)\7_

We therefore have ¢g = Ty (¢), where T}, is the composition
Ti(t) =t10ta0--- 0 tg(7).
In this way we obtain the Schur continued fraction representation of ¢q,

¢0 = Tn(¢n) =t{10tp0...0 tn(¢n)7

The function T, (0) is referred to as the nth approximant of ¢g, and ¢, is called
the nth tail of ¢g.
It is shown in [5], and easily verified, that the LFT T, (7) can be expressed
as
T,(r) = 2T
Mn + gnT
where the polynomials &, and 7, satisfy the recurrence relations

2 1[5 2] (28]
én M §n-1 M1 oA 1 ’ & 7o 1( ’
6.
It follows by induction that &, and 1, have degree less than n, and &,()\) :
/\ng_n(l//\)a Tin(A) 1= A"0n(1/X), §,(0) = v, and 7, (0) = 1 for all n.

The polynomials &, and 7, are generalizations of the Schur parameters in
the sense that they determine a composition of the elementary linear fractional
transformations determined by the Schur parameters. We will refer to &, and
1, as the nth Schur polynomials associated with the Schur function ¢g.

The following result shows how the Schur polynomials provide the Szegd
polynomial 4),,, and hence provide for the first phase of a Toeplitz solver.

—_
~—
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Proposition 6.1 Let M, ag, By be as in Proposition 3.1, and let &, ny, be the
kth Schur polynomials determined by ag, Bo. Then the monic Szegd polynomial
Py corresponding with M is given by

Pr(A) = ik (N) + & (A) /A (6.2)

The proof follows by comparison of the recurrence relations for 1, with those
for &, and n [5].

6.2 The Generalized Schur Algorithm

We can now describe the doubling generalization of Schur’s algorithm, which
forms the basis for the first phase of our superfast Toeplitz solver.

Recall that if we perform m steps of Schur’s algorithm on the Schur function
¢o, we can obtain the mth Schur polynomials &, and 7,,. Moreover, these
polynomials are determined by the first m coefficients of ag and 5. Let a(()m) \)
and ﬁém) (M) denote the polynomials of degree less than m formed from these
coefficients. To describe the doubling procedure, we assume that &, and 7,
have been computed from a(()m) and ﬂém), and we seek to compute &3, and 72y,
from af*™ and B*™.

Having obtained &, and 7,,, the mth Schur function ¢,, is given by

Qi — aoNm — Poém
bm = = Tm1(¢0) = ~ N
Bm Bofim — @oém
It can be shown [5] that

aollm — 60§m = ﬂ0,0'Ym—l—l(sm/\m + O(Am_’_l)

" 6.3
5077m - Oéofm = ﬁO,OémAm + O(Am+1)7 ( )

so that the first m terms of the numerator and denominator of ¢,, can be taken

from
a’ (V) = (g™ Wmm(Y) = B (V& (W) /A™, (6.4
) = B Wi (A = al ™ NER (V) /A

We can now perform the doubling step: Since ¢,, is also a Schur function,
we can use the same procedure that computed &, and 7,, from a(()m) and ﬁ(()m)
to compute the Schur polynomials &, », and 79, that result from m steps of
Schur’s algorithm applied to a!™ and g{™.

Let Ty, denote the LFT that results from m steps of Schur’s algorithm
applied to ¢,,. Then we have ¢o = T0 (b)) = T (Tonm (¢2m)), s0 that Ts,, =
T, © Ty, m,. Writing this composition in terms of Schur polynomials, we obtain

o = ﬁmé-m,m + §m"7m,m
j (6.5)
Tl2m ‘mem,m + M Tm,m-
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This discussion is summarized by the following recursive description of the
doubling procedure.

Algorithm 6.1 To compute &, Non from a((fm)} (()27”):

Step 0: Compute &, and ny, from a(()m) and ﬂ(()m).
Step 1: Use (6.4) to compute i and B

Step 2: (The doubling step.) Compute &p, m and 1, m from a%n) and ,By(nm) as
&m and 1, were obtained from a(()m) and ﬂém).

Step 3: Use (6.5) to compute Eom and Nom, from &m, Mm,y Emyms 0N Ny -

The algorithm can be started by performing Step 0 directly by, for example,
setting £ = a,0/00,0 and 11 = 1. More generally, we can use Schur’s algorithm
to generate {v;}72, for a small value of ng, and obtain &,,, 7, from the Schur
parameters and the recursions (6.1).

Thus, the generalized Schur algorithm consists of various polynomial multi-
plications and additions performed in a recursive manner. The multiplication of
polynomials can be efficiently performed using standard FFT techniques. This
results in an O(nlog? n) algorithm for computing &, and 7,,, where n. = 2“. The
Toeplitz system of equations M,, 1z = b can then be solved by forming 1), from
&n, N by Proposition 6.1, and using a Toeplitz inversion formula to perform the
solution phase of the algorithm in O(nlogn) arithmetic operations.

A detailed analysis of the implementation for Hermitian Toeplitz matrices
is given in [4]. Further refinements for real Toeplitz matrices are described in
[6], where it is shown in that the first phase of the superfast Toeplitz solver can
be implemented using fewer than 8n log3 n real arithmetic operations for a real
Toeplitz matrix M1, where n = 2”. Since the Levinson-Durbin algorithm
requires more than 2n? operations, the superfast algorithm has a smaller opera-
tion count for n = 2¥ > 256. Experimental results presented in [7] confirm that
the two procedures require approximately the same execution time for n = 256,
and that the relative efficiency of the superfast algorithm quickly increases for
larger values of n = 2¥. Moreover, experimental results indicate that there is
little or no degradation in the accuracy of the superfast algorithm compared to
the Levinson-Durbin algorithm [4, 7].

While the experimental results indicate that this superfast algorithm may
be as reliable as the Levinson-Durbin algorithm for the first phase of a Toeplitz
solver, no stability analysis along the lines of [21] or [11] has yet been per-
formed. However, since the Schur polynomials are generalizations of the Schur
parameters, the superfast algorithm is closely related to the hybrid algorithm
mentioned at the end of Section 4. This is encouraging in that the superfast
algorithm may behave more like the hybrid algorithm than the Levinson-Durbin
algorithm.

12
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