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Abstract

We review the connections between fast, O(n2), Toeplitz solvers
and the classical theory of Szegő polynomials and Schur’s algorithm.
We then give a concise classically motivated presentation of the su-
perfast, O(n log2

2
n), Toeplitz solver that has recently been introduced

independently by deHoog and Musicus. In particular, we describe this
algorithm in terms of a generalization of Schur’s classical algorithm.

1 Introduction

Let M = [µj−k] ∈
� n×n be a Toeplitz matrix. The problem of solving the

system of linear equations Mx = b is important in many areas of pure and
applied mathematics: orthogonal polynomials, Padé approximation, signal
processing, linear filtering, linear prediction and time series analysis. See, for
instance, [1, 3, 15, 20, 21, 23, 24]. There are several fast, O(n2), algorithms
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for solving such systems. This is in contrast with the O(n3) operations
normally used to solve an arbitrary n×n system, for instance, by Gaussian
factorization. Asymptotically superfast, O(n log2

2 n), algorithms have been
proposed for solving such systems [4, 5, 10, 22] but to our knowledge these
methods have not yet been implemented.

In this paper we give a classically motivated presentation of the algorithm
that has recently been independently presented by deHoog [10] and Musicus
[22] in the case where the Toeplitz matrix M is (Hermitian) positive definite.
Our treatment is based on the relations among positive definite Toeplitz
matrices, Szegő polynomials and Schur’s algorithm [25]. In particular, the
deHoog-Musicus algorithm is naturally explained in terms of a generalization
of Schur’s algorithm. An analogous treatment of the positive definite Hankel
case, M = [µj+k] = M∗ > 0, generalizing the algorithm of Chebyshev [7,
12], is given in [18].

In Section 2 we review the classical foundations of fast Toeplitz solvers.
We present the generalized Schur algorithm in Section 3 and describe the
use of the algorithm for the superfast solution of a positive definite Toeplitz
system in Section 4.

Before proceeding, we note that the restriction to positive definite Toeplitz
systems is not as severe as it may seem. First, the positive definite case is
of primary interest in most important applications, including discrete time
Wiener filtering, autocorrelation problems, and Gaussian quadrature on the
unit circle [16, 17]. Second, it is clear that most fast and superfast Toeplitz
solvers are numerically unstable, and therefore unreliable, when applied to
an arbitrary Toeplitz systems: [8, 9, 6]. In this connection we note that the
algorithm of [5, 18], while potentially stable for positive definite Hankel sys-
tems, is manifestly unstable for positive definite Toeplitz systems. However,
Cybenko has shown that the algorithms of Levinson, Durbin, and Trench
are numerically stable for the class of positive definite Toeplitz matrices,
and stability for this class can be expected in some superfast algorithms [6].

The implementation of the generalized Schur algorithm and the superfast
(positive definite) Toeplitz solver of deHoog and Musicus is described in [2].
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2 The Classical Foundations of Fast Toeplitz Solvers

2.1 Positive definite matrices and orthogonal polynomials.

Every complex (Hermitian) positive definite matrix M = [µj,k] can be fac-
tored uniquely as

M = LDL∗, (2.1)

with L = [λj,k] unit left triangular (λk,k ≡ 1) and D = diag[δk] positive defi-

nite. The matrix L̂ := LD1/2 is the left Cholesky factor of M . Equivalently,

R∗MR = D (2.2)

and
M−1 = RD−1R∗, (2.3)

with R = [ρj,k] = L−∗ unit right triangular. By abuse of terminology, we call
(2.1) the Cholesky factorization of M , and (2.2) or (2.3) the inverse Cholesky
factorization of M . (Actually, (2.3) is the reverse Cholesky factorization of
M−1.) If either of these factorizations is known then the linear system
Mx = b can be solved directly with at most n2 multiplicative and additive
operations (n2 flops). Both factorizations are represented by the formula

T := [τj,k] := MR = LD. (2.4)

In special cases, most notably when M is a Hankel matrix, M = [µj+k],
or a Toeplitz matrix, M = [µj−k], it follows from classical analysis that
these factorizations can be computed in O(n2) operations. We thus ob-
tain fast, O(n2), algorithms for solving Mx = b. In the Hankel case this
point is moot: positive definite Hankel matrices are notoriously severely ill-
conditioned (e.g., the Hilbert matrix with µk =

∫ 1
0 λ

kdλ = 1/(k + 1)). The
situation can be quite different for positive definite Toeplitz matrices (e.g.,
M = I, the identity matrix).

We now describe the orthogonal polynomials associated with M . It is
natural to number the indicies j and k from zero, and put

M := Mn+1 := [µj,k]
n
j,k=0.

More generally, for later use,

Mk := [µj,l]
k−1
j,l=0 ∈

� k×k (0 ≤ k − 1 ≤ n)
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is the kth section of M , and likewise for Rk and Dk. The positive definite
matrix M determines an inner product < ·, · > for the complex vector space

�
n[λ] of polynomials of degree at most n, on setting

< λj , λk >:= µj,k (0 ≤ j ≤ n, 0 ≤ k ≤ n)

and extending < ·, · > to all of (
�

n[λ])2 by requiring that it be linear in
its second argument and conjugate linear in its first argument—like the
Euclidean inner product y∗x for the complex vector space

� n of (column)
n-vectors.

Now (2.2) states that the monic polynomials {ψk}
n
0 defined by

ψk(λ) :=
∑

j

ρj,kλ
j (2.5)

are orthogonal with respect to < ·, · >:

< ψj , ψk >=

{

0 j 6= k
δk, j = k

.

Thus, {ψk}
n
0 is an orthogonal basis for

�
n[λ], and the (k + 1)th column

of R contains the coefficients of the representation of ψk in terms of the
standard basis {λj}n

0 for
�

n[λ]. The columns of R̂ := L̂−∗ = RD−1/2

likewise generate the orthonormal polynomials {ψ̂k}
n
0 : ψ̂k := ψk/δ

1/2
k .

Finally, we see from (2.4) that

τj,k =
∑

l

µj,lρl,k

=
∑

l

< λj , λl > ρl,k

= < λj , ψk >= λj,kδk (2.6)

=

{

0, j < k
δk, j = k

.

2.2 Inverse Cholesky Factorization and Szegő Polynomials.

We henceforth assume that M = M ∗ = [µj−k]
n
j,k=0 > 0 is a Toeplitz matrix.

The orthogonal polynomials {ψk}
n
0 are then called the Szegő polynomials

associated with M . They satisfy the Szegő recurrence relation

ψk+1 = λψk + γk+1ψ̃k, (2.7a)
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with ψ̃k(λ) = λkψk(1/λ) the polynomial obtained from ψk by conjugating
and reversing the order of the coefficients,

γk+1 = − < 1, λψk > /δk, (2.7b)

and
δk+1 = δk(1− |γk+1|

2). (2.7c)

The numbers {γk}
n
1 are the Schur parameters associated with M . They

determine the Szegő polynomials by (2.7a); note also that γk ≡ ψk(0). From
(2.7c) we see that |γk| < 1 (1 ≤ k ≤ n). The Schur parameters are referred
to as reflection coefficients in the engineering literature, and as partial
correlation coefficients in prediction theory.

Although we shall not use the result in this paper, it is known that there
is a bounded nondecreasing function m(θ) with

< β,α >=
1

2π

∫ 2π

0
β(λ)∗α(λ)dm(θ), λ = eiθ.

See, for instance, [1]. The Szegő polynomials are thus “orthogonal on the
unit circle.”

Formulas (2.7b) and (2.7c) follow rather directly from (2.7a), on using
the orthogonality and the isometry relation < β,α >≡< β/λ, α/λ >, valid
for α, β ∈

�
n[λ] with α(0) = β(0) = 0. However, a matrix theoretic proof

of all of (2.7a–2.7c), based on the persymmetry of M , seems more efficient.
The matrix A ∈

� n×n is persymmetric if it is invariant under reflection in
its antidiagonal. This means that A = AP := JATJ , where J := Jn is
the n × n reversal matrix (obtained by reversing the columns of the n× n
identity matrix).

Put

Mk+1 =:

[

Mk m̃k

m̃∗
k µ0

]

=:

[

µ0 m∗
k

mk Mk

]

so that
mk := [µ1, µ2, . . . , µk]

T

and
m̃k := Jkmk.

Also put

Rk+1 =:

[

Rk rk
1

]

, rk+1 =:

[

γk+1

sk

]
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and
r̃k := Jkrk.

Equating last columns in Mk+1Rk+1 = Lk+1Dk+1 gives

Mkrk + m̃k = 0, (2.8)

m̃∗
krk + µ0 = δk. (2.9)

Now
Mk = JkM

T
k Jk = JkMkJk

is persymmetric and Hermitian. Hence (2.8) is equivalent with the Yule-
Walker equation

mk +Mkr̃k = 0. (2.10)

Now increase k by unity in (2.8) and use the second partitioning of Mk+1

to get
µ0γk+1 +m∗

ksk + µ∗k+1 = 0, (2.11)

mkγk+1 +Mksk + m̃k = 0. (2.12)

Subtracting (2.8) from (2.12), and using (2.10), we obtain

sk = rk + r̃kγk+1, (2.13)

that is,

rk+1 =

[

0
rk

]

+

[

1
r̃k

]

γk+1. (2.14a)

This is the Szegő recurrence relation (2.7a). Using (2.13) in (2.11) we find,
on account of (2.9), that

δkγk+1 = −m∗
k+1

[

rk
1

]

= −
∑

j

µ−j−1ρj,k

= − < 1, λψk > . (2.14b)

Finally, by (2.9), (2.14a) and (2.14b),

δk+1 = µ0 + m̃T
k+1rk+1

= µ0 + m̃T
k rk +m∗

k+1

[

rk
1

]

γ∗k+1

= δk(1− |γk+1|
2). (2.14c)
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Hence the Szegő recurrence relations (2.7a–2.7c) are equivalent with the
matrix formulation (2.14a–2.14c) which, in the context of Toeplitz systems,
is known as the Levinson-Durbin algorithm [21, 11, 14].

To solve the system Mx = b one puts

Mkxk := bk, bk+1 :=

[

bk
βk

]

, bn+1 := b,

and finds from xk+1 = M−1
k+1bk+1 that

xk+1 =

[

xk

0

]

+

[

rk
1

]

ξk+1

with
ξk+1 = [r∗k, 1]bk+1/δk.

This algorithm applies in general to solve Mx = b when the inverse Cholesky
factorization of M is known; that is it makes no use of the Toeplitz structure
of M .

The work for this two-stage algorithm to solve Mnx = b is about 2n2

flops, at most n2 flops for each stage.

2.3 The Christoffel-Darboux-Szegő and Gohberg-Semencul

Formulas.

From (2.3) we see that the generating polynomial of M−1 =: [βj,k] is

κn(λ, τ) :=
∑

βj,kλ
jτk∗

=
n

∑

k=0

ψ̂k(λ)ψ̂k(τ)
∗.

It is possible to express κn(λ, τ) solely in terms of the normalized polynomial
ψ̂n. The unnormalized form of this result is

δn(1− λτ∗)κn(λ, τ) = ψ̃n(λ)ψ̃n(τ)∗ − λτ∗ψn(λ)ψn(τ)∗.

This is Szegő’s formula [26]. It is the analog for Szegő polynomials of the
Christoffel-Darboux formula for polynomials orthogonal on the real line. Its
inductive verification reduces to

ψ̃n(λ)ψ̃n(τ)∗ = ψn(λ)ψn(τ)∗ + (1− |γn|
2)[ψ̃n−1(λ)ψ̃n−1(τ)

∗ − λτ∗ψn−1(λ)ψn−1(τ)
∗],
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which in turn is a direct consequence of (2.7a) and its equivalent:

ψ̃k+1 = ψ̃k + γ∗k+1λψk.

Setting now
ψn(λ) =:

∑

ρkλ
k, ρk := ρk,n,

we see that
δn(βj,k − βj−1,k−1) = ρ∗n−jρn−k − ρj−1ρ

∗
k−1,

where elements with negative subscripts are zero. Thus

δnβj,k =
∑

l

(ρ∗n+l−jρn+l−k − ρj−l−1ρ
∗
k−l−1)

and so
δnM

−1 = T ∗1 T1 − T0T
∗
0

with Toeplitz matrices
T0 := [ρj−k−1]

n
j,k=0

and
T1 := [ρn+j−k]

n
j,k=0.

This is the Gohberg-Semencul formula [13]. Note that T0 is strictly left
triangular (ρ−1 := 0) and T1 is unit right triangular (ρn = ρn,n = 1).

2.4 Cholesky Factorization and Schur’s Algorithm.

We have seen that the Szegő recursions can be used to solve a positive defi-
nite Toepltiz system using the inverse Cholesky factorization as well as the
Gohberg-Semencul formula. We now describe an algorithm for finding the
Cholesky factors Ln and Dn of Mn (also see [22]). We will see that this algo-
rithm is a manifestation of the classical algorithm of Schur. The algorithm
presented below is in direct analogy with the derivation of Chebyshev’s al-
gorithm [7] for positive definite Hankel matrices, as presented, for instance,
by Gautschi [12].

Extend the functional < ·, · > to certain pairs of Laurent polynomials
by putting

< λj , λk >:= µj−k, |j − k| ≤ n.

Then
τj,k :=< λj, ψk >
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and
τ̃j,k :=< λj, ψ̃k >

are defined for 0 ≤ k ≤ n and −n+ k < j < n. In fact

τj,k =











0, 0 ≤ j < k
δk, j = k
µj , k = 0

and moreover,

τ̃j,k =
k

∑

i=0

ρ∗i,k < λj , λk−i >

= (
k

∑

i=0

ρi,kµk−i−j)
∗

= (
k

∑

i=0

ρi,k < λk−j, λi >)∗

= < λk−j, ψk >
∗= τ∗k−j,k.

Now the Szegő recursion gives

τj,k = < λj, λψk−1 > +γk < λj, ψ̃k−1 >

= < λj−1, ψk−1 > +γkτ̃j,k−1

= τj−1,k−1 + γkτ
∗
k−j−1,k−1,

and letting j = 0 we obtain γk = −τ−1,k−1/δk−1.
Since LD = T := [τj,k]

n
j,k=0, the following algorithm can be used to

obtain the Cholesky factorization of a positive definite Toeplitz matrix.

Algorithm 2.2. (Fast Cholesky Factorization).
input: M = [µj−k]

n
j,k=0 > 0,

τ0,0 = µ0,
for j = 1, 2, . . . , n
























τj,0 = µj, τ−j,0 = µ∗j ,

for k = 1, 2, . . . , j − 1
⌊

τj,k = τj−1,k−1 + γkτ
∗
k−j−1,k−1,

τk−j,k = τk−j−1,k−1 + γkτ
∗
j−1,k−1,

γj = −τ−1,j−1/τj−1,j−1

τj,j = τj−1,j−1(1− |γj|
2)
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We now describe the classical algorithm of Schur [25]. The fast Cholesky
algorithm will then be shown to be equivalent with Schur’s algorithm.

Let D = {λ : |λ| < 1} be the open unit disk in the complex plane. A
Schur function φ is holomorphic on D with φ(D) contained in the closure
D of D. Schur’s algorithm is a procedure that generates a (possibly finite)
sequence φn of Schur functions by transforming an initial Schur function
φ0 by successive linear fractional transformations (LFT’s). In this way a
(formal) continued fraction representation of φ0 is obtained.

Let φ = φ0 be a Schur function, and put γ = γ1 := φ0(0). Note that
|γ| ≤ 1, and moreover, |γ| = 1 implies φ(λ) ≡ γ (by the maximum principle).
In case |γ| = 1, Schur’s algorithm terminates; if |γ| < 1 define

φ1 :=
1

λ

φ0 − γ

1− γ∗φ0
.

To see that φ1 is then a Schur function, note that the Möbius transformation
(γ + τ)/(1 + γ∗τ) maps D onto D with inverse function (τ − γ)/(1 − γ∗τ).
The function (φ−γ)/(1−γ∗φ) is therefore a Schur function that vanishes at
λ = 0, so by Schwarz’ Lemma, φ1 is also a Schur function. This construction
represents one step of Schur’s algorithm.

Schur’s Algorithm.

input: an initial Schur function φ0,
γ1 = φ0(0),
for n = 1, 2, 3, . . . while |γn| < 1








φn(λ) =
1

λ

φn−1(λ)− γn

1− γ∗nφn−1(λ)
,

γn+1 = φn(0).

Thus, φn−1 = tn(φn), where

tn(τ) :=
γn + λτ

1 + γ∗nλτ
,

and in general, φ0 = Tn(φn) where Tn = t1 ◦ t2 ◦ . . . ◦ tn. This composition of
linear fractional transformations is n steps in the Schur continued fraction
representation of φ0. We refer to Tn(0) and φn, respectively, as the nth
approximant and nth tail of φ0. The numbers γn are the Schur parameters
associated with φ0.

We can therefore view Schur’s algorithm as producing a sequence of
Schur functions φn, or equivalently, as producing a sequence of LFT’s Tn.
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In Section 3 we will explicitly formulate Schur’s algorithm in terms of the
Tn.

In order to implement Schur’s algorithm, we write the functions as quo-
tients of power series,

φn =:
αn(λ)

βn(λ)
=

∑

k αn,kλ
k

∑

k βn,kλk
.

Schur’s algorithm as formulated above involves an infinite sequence of ele-
mentary operations on infinite power series αn and βn. However, it is not
difficult to arrange the computations so that the coefficient pairs (α0,n, β0,n)
are entered and processed in a sequential manner.

Algorithm 2.3 (progressive Schur algorithm).
input: the coefficients {αn}

∞
n=0 , {βn}

∞
n=0 of formal power series

α and β such that φ0 = α/β is a Schur function.
for n = 1, 2, 3, . . . , while |γn| < 1




























α0,n−1 = αn−1, β0,n−1 = βn−1,
for k = 1, 2, 3, . . . , n− 1
⌊[

αk,n−k−1

βk,n−k

]

=

[

1 −γk

−γ∗k 1

] [

αk−1,n−k

βk−1,n−k

]

γn = αn−1,0/βn−1,0,
σ2

n = (1− |γn|
2),

βn,0 = βn−1,0σ
2
n.

Of course, in practice the first n coefficients of α0 and β0 will be input ,
and Schur’s algorithm will be performed to obtain the first n−k coefficients
of the power series αk and βk (and the Schur parameter γk) for k = 1, . . . , n.

The following proposition provides the connection between Schur’s algo-
rithm and the fast Cholesky algorithm.

Proposition 2.1 Under the identifications αj,k := −τ−k−1,j, and βj,k :=
τ∗j+k,j, the fast Cholesky algorithm and the progressive Schur algorithm are
equivalent. In other words, Algorithm 2.2 applied to the Hermitian matrix
Mn = [µj−k]

n
j,k=0 is equivalent with n steps of Algorithm 2.3 applied to a

function φ0 = α0/β0 with the first n coefficients of α0 and β0 given by
[−τ−k−1,0]

n−1
0 and [τ∗k,0]

n−1
0 , respectively.

The proof of this result follows immediately from the recursions. In
particular,

[

τk−j,k

τ∗j,k

]

=

[

1 −γk

−γ∗k 1

] [

τk−j−1,k−1

τ∗j−1,k−1

]
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for j ≥ k. The equivalence of the two recursions implies the numerator and
denominator of φ0 are the first n terms in formal power series α0 and β0

such that α0/β0 is a Schur function. Thus, the computational procedure for
finding the Cholesky factorization of a positive definite Toeplitz matrix is
equivalent with Schur’s classical algorithm.

3 The Generalized Schur Algorithm.

3.1 Schur Polynomials.

Schur’s algorithm was described in the previous section as an iteration that
generates the numerators and denominators of the Schur functions φn. We
now reformulate Schur’s algorithm in terms of the LFT’s Tn defined by
φ0 = Tn(φn).

Let ξn, ηn, ξ̃n, η̃n be the polynomials such that

Tn(τ) =
ξn(λ) + η̃n(λ)τ

ηn(λ) + ξ̃n(λ)τ
.

Since T0(τ) = τ and Tn(τ) = Tn−1(tn(τ)) (where tn(τ) =
γn + λτ

1 + γ∗nλτ
), we

have the recurrence relations
[

η̃n ξn
ξ̃n ηn

]

=

[

η̃n−1 ξn−1

ξ̃n−1 ηn−1

] [

λ γn

γ∗nλ 1

]

,

[

η̃0 ξ0
ξ̃0 η0

]

=

[

1 0
0 1

]

.

The results of the following proposition are easily obtained by induction.

Proposition 3.1 The polynomials η̃n and ξ̃n satisfy

ξ̃n(λ) ≡ λnξn(1/λ), η̃n(λ) ≡ λnηn(1/λ).

Furthermore, for all n ≥ 1,

deg(ξn) < n, deg(ηn) < n,

ξn(0) = γ1, ηn(0) ≡ 1.

We also have the determinant formula

ηnη̃n − ξnξ̃n = δnλ
n,

where δn = σ2
1σ

2
2 · · · σ

2
n.
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We refer to ξn and ηn as the nth Schur polynomials associated with the
Schur function φ0.

Thus, we may view Schur’s algorithm as generating a sequence of Schur
functions, or equivalently, as generating a sequence of Schur polynomials
which determine the LFT Tn. We now show that if the Schur function φ0

is given as in Proposition 2.1 (where M is a positive definite Toeplitz ma-
trix), then the Szegő polynomials are determined by the Schur polynomials.
This will allow us to use Schur’s algorithm to obtain the Gohberg-Semencul
factorization of M−1.

By transposing the recursions for the Schur polynomials and applying a
diagonal scaling, we obtain

[

η̃n ξ̃n/λ
λξn ηn

]

=

[

λ γ∗n
λγn 1

] [

η̃n−1 ξ̃n−1/λ
λξn−1 ηn−1

]

.

By the Szegő recurrence formula, we obtain
[

ψn

ψ̃n

]

=

[

λ γn

λγ∗n 1

] [

ψn−1

ψ̃n−1

]

, or

[

ψn

ψ̃n

]

=

[

λ γ∗n
λγn 1

] [

ψn−1

ψ̃n−1

]

.

From these recursions, together with the initial conditions
[

η̃1 ξ̃1/λ
λξ1 η1

]

=

[

1 γ∗1
λγ1 1

]

,

[

ψ1

ψ̃1

] [

1 γ∗1
λγ1 1

] [

1
1

]

,

we see that
ψn = η̃n + ξ̃n/λ. (3.1)

Thus, Schur’s algorithm can be used to construct the Szegő polynomials.

3.2 The Generalized Schur Algorithm.

As we have seen, Schur’s classical algorithm generates a sequence of linear
fractional transformations Tn. We now present a generalization of Schur’s
algorithm that allows us to generate Tn+k from Tn, where k > 1. The
following simple lemma is needed in our derivation.

Lemma 3.1 Let φ0 = α0/β0 be a Schur function, and let ξn and ηn be the
nth Schur polynomials for φ0. Then

α0ηn−β0ξn = β0,0δnγn+1λ
n +O(λn+1)

β0η̃n − α0ξ̃n = β0,0δnλ
n +O(λn+1).
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Proof: Since Tn(τ) =
ξn + η̃nτ

ηn + ξ̃nτ
, we have by the determinant formula

Tn(τ0)− Tn(τ)

τ0 − τ
=

δnλ
n

(ηn + ξ̃nτ0)(ηn + ξ̃nτ)
.

Setting τ0 = φn we get

φ− Tn(τ) =
δn(φn − τ)λn

(ηn + φnξ̃n)(ηn + ξ̃nτ)
.

Now let τ = 0, and note that ξn/ηn = Tn(0), ηn(0) = 1 and ξ̃n(0) = 0 to
obtain

φηn − ξn =
δnφnλ

n

ηn + φnξ̃n
= γn+1δnλ

n +O(λn+1)

as λ→ 0. Similarly, setting τ = ∞ we obtain

η̃n − φξ̃n =
δnλ

n

ηn + φnξ̃n
= δnλ

n +O(λn+1)

as λ→ 0. This completes the proof.
Let φ0 = φ be a Schur function, and let φn be the nth tail of φ (i.e., φn is

the result of n steps of Schur’s algorithm starting at φ0). Also let ξ0,n = ξn
and η0,n = ηn be the nth Schur polynomials of φ0, so that φ0 = T0,n(φn),
where

T0,n(τ) =
ξ0,n + η̃0,nτ

η0,n + ξ̃0,nτ

In order to construct T0,n+k = Tn+k we must first obtain φn from T0,n

and φ0. We have

φn =
αn

βn
= T−1

0,n(
α0

β0
) =

α0η0,n − β0ξ0,n

β0η̃0,n − α0ξ̃0,n

. (3.2)

By Lemma 3.1 both the numerator and denominator in (3.2) are divisible
by λn. It is therefore natural to take

αn = (α0η0,n − β0ξ0,n)/λn, βn = (β0η̃0,n − α0ξ̃0,n)/λn. (3.3)

Thus, formula (3.3) enables us to obtain the n-th tail φn of φ0 from φ0 and
T0,n.

Since φn is a Schur function, we can obtain Tn,k, the LFT that re-
sults from k steps of Schur’s algorithm applied to φn. We then have φn =
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Tn,k(φn+k), (i.e., the kth tail of φn is equal to the (n+k)th tail of φ0). Once
we have Tn,k, we can construct T0,n+k by simply composing the LFT’s. In
particular,

ξ0,n+k = η̃0,nξn,k + ξ0,nηn,k, η0,n+k = ξ̃0,nξn,k + η0,nηn,k (3.4)

The generalized Schur algorithm is a doubling procedure based on the
recursions (3.3) and (3.4) that generates Tn for n = 1, 2, 4, . . . , 2p, . . . . As
in the case of the classical Schur algorithm, the computations are to be
organized so that the coefficients of the formal power series α0 and β0 enter
in a sequential fashion. However, instead of entering one at a time, the
coefficients enter in groups, each group being twice as large as the previous
one.

For the formal power series αn =
∑∞

j=0 αn,jλ
j , let α

(k)
n denote the poly-

nomial
∑k−1

j=0 αn,jλ
j of degree less than k, and define β

(k)
n similarly. We can

describe the algorithm as follows.

Generalized Schur Algorithm.

input: α
(2p)
0 and β

(2p)
0 , where φ0 = α0/β0 is a Schur function,

ξ0,1 = γ1 = α
(1)
0 /β

(1)
0 , η0,1 = 1 ,

for n = 1, 2, 4, . . . , 2p−1

1: Compute α
(n)
n , β

(n)
n , which are respectively given by the first n coeffi-

cients of the polynomials

(α
(2n)
0 η0,n − β

(2n)
0 ξ0,n)/λn,

(β
(2n)
0 η̃0,n − α

(2n)
0 ξ̃0,n)/λn.

2: Compute ξn,n and ηn,n from α
(n)
n and β

(n)
n as ξ0,n and η0,n were obtained

from α
(n)
0 and β

(n)
0 . (This is the doubling step.)

3: Compute

ξ0,2n = η̃0,nξn,n + ξ0,nηn,n,

η0,2n = ξ̃0,nξn,n + η0,nηn,n.

Recall that in the progressive Schur algorithm, the input polynomials

α
(n)
0 and β

(n)
0 determine α

(n−k)
k and β

(n−k)
k (as well as γk = αk,0/βk,0) for
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k = 1, . . . , n. By considering the doubling process of the generalized Schur

algorithm, we see that, given α
(n)
0 and β

(n)
0 where n is a power of two,

the number of coefficients of αk and βk that are computed depends on the
binary representation of the integer k. For example, the first n/2 coefficients
of αn/2 and βn/2 are calculated, while only the constant terms of αk and
βk are calculated if k is odd. Nevertheless, all n Schur parameters γk =

ξk,1 = α
(1)
k /β

(1)
k are computed in the generalized Schur algorithm. This is

important because the Schur parameters are often of significance for physical
and mathematical reasons.

4 The Superfast Solution of a Positive Definite

Toeplitz System

The efficient implementation of the generalized Schur algorithm is achieved
by using fast Fourier transform (FFT) techniques to perform the polynomial
recursions (3.3) and (3.4). A detailed description of this procedure is given in
[2], where it is shown that the Schur polynomials ξn and ηn can be calculated
using 2n lg2 n + O(n lg n) complex multplications and 4n lg2 n + O(n lg n)
complex additions (where lg n ≡ log2 n).

The following algorithm describes the use of the generalized Schur al-
gorithm for the superfast solution of a positive definite Toeplitz system of
equations. This algorithm is equivalent with the superfast Toeplitz solver
that is presented by deHoog [10] and by Musicus [22] when applied to a
positive definite matrix.

Algorithm 4.1. Let M = [µj−k]
n
j,k=0 = M∗ > 0 where n = 2ν . The follow-

ing procedure will calculate the solution of the system of equations Mx = b.

Set α0,j := −µ∗j+1; β0,j := µ∗j , (j = 0, 1, . . . , n− 1).

Phase 1: Use the generalized Schur algorithm to calculate ξn and ηn. Then
obtain ψn from equation (3.1).

Phase 2: Solve Mx = b using the Gohberg-Semencul decomposition of
M−1 and fast Fourier transform techniques.

Phase 2 can be performed using O(n lg n) operations as described in, for
example, Jain [19]. Moreover, Phase 2 can be repeated to solve Mx = b
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for another right-hand side b. The technique of iterative improvement can
therefore be efficiently implemented in this algorithm. (Of course, this is
true of any algorithm that uses the Gohberg-Semencul formula in its solution
phase, as in [19] and [5].)

Thus, the algorithm of deHoog and Musicus applied to a positive definite
Toeplitz matrix is naturally described in terms of the generalized Schur
algorithm. This algorithm therefore shares the classical roots of many of
the fast and superfast algorithms.
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[8] G. Cybenko, Error Analysis of some Signal Processing Algorithms,
Ph.D. Thesis, Princeton Univ., Princeton, NJ, 1978.

17



[9] G. Cybenko, The Numerical Stability of the Levinson-Durbin Algoritm
for Toeplitz Systems of Equations, SIAM J. Sci. Statist. Comput., 1
(1980), 303-319.

[10] F. de Hoog, On the Solution of Toeplitz Systems of Equations, Lin.
Algebra Appl., to appear.

[11] J. Durbin, The Fitting of Time-Series Models, Rev. Inst. Internat.
Statist., 28 (1959), 229-249.

[12] W. Gautschi, On Generating Orthogonal Polynomials, SIAM J. Sci.
Statist. Comput., 3 (1982), 289-317.

[13] I. C. Gohberg and I. A. Fel′dman, Convolution Equations and Pro-
jection Methods for their Solution, American Mathematical Society,
Providence, RI, 1974.

[14] G. H. Golub and C. F. Van Loan, Matrix Computations, Johns Hopkins
University Press, Baltimore, MD, 1984.
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