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Abstract

We review the connections between fast, O(n?), Toeplitz solvers
and the classical theory of Szegé polynomials and Schur’s algorithm.
We then give a concise classically motivated presentation of the su-
perfast, O(nlog? n), Toeplitz solver that has recently been introduced
independently by deHoog and Musicus. In particular, we describe this
algorithm in terms of a generalization of Schur’s classical algorithm.

1 Introduction

Let M = [uj_i) € C"*" be a Toeplitz matriz. The problem of solving the
system of linear equations Mx = b is important in many areas of pure and
applied mathematics: orthogonal polynomials, Padé approximation, signal
processing, linear filtering, linear prediction and time series analysis. See, for
instance, [1, 3, 15, 20, 21, 23, 24]. There are several fast, O(n?), algorithms
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for solving such systems. This is in contrast with the O(n3) operations
normally used to solve an arbitrary n X n system, for instance, by Gaussian
factorization. Asymptotically superfast, O(n logg n), algorithms have been
proposed for solving such systems [4, 5, 10, 22] but to our knowledge these
methods have not yet been implemented.

In this paper we give a classically motivated presentation of the algorithm
that has recently been independently presented by deHoog [10] and Musicus
[22] in the case where the Toeplitz matrix M is (Hermitian) positive definite.
Our treatment is based on the relations among positive definite Toeplitz
matrices, Szegd polynomials and Schur’s algorithm [25]. In particular, the
deHoog-Musicus algorithm is naturally explained in terms of a generalization
of Schur’s algorithm. An analogous treatment of the positive definite Hankel
case, M = [p;yr] = M* > 0, generalizing the algorithm of Chebyshev [7,
12], is given in [18].

In Section 2 we review the classical foundations of fast Toeplitz solvers.
We present the generalized Schur algorithm in Section 3 and describe the
use of the algorithm for the superfast solution of a positive definite Toeplitz
system in Section 4.

Before proceeding, we note that the restriction to positive definite Toeplitz
systems is not as severe as it may seem. First, the positive definite case is
of primary interest in most important applications, including discrete time
Wiener filtering, autocorrelation problems, and Gaussian quadrature on the
unit circle [16, 17]. Second, it is clear that most fast and superfast Toeplitz
solvers are numerically unstable, and therefore unreliable, when applied to
an arbitrary Toeplitz systems: [8, 9, 6]. In this connection we note that the
algorithm of [5, 18], while potentially stable for positive definite Hankel sys-
tems, is manifestly unstable for positive definite Toeplitz systems. However,
Cybenko has shown that the algorithms of Levinson, Durbin, and Trench
are numerically stable for the class of positive definite Toeplitz matrices,
and stability for this class can be expected in some superfast algorithms [6].

The implementation of the generalized Schur algorithm and the superfast
(positive definite) Toeplitz solver of deHoog and Musicus is described in [2].



2 The Classical Foundations of Fast Toeplitz Solvers

2.1 Positive definite matrices and orthogonal polynomials.

Every complex (Hermitian) positive definite matrix M = [u; ] can be fac-

tored uniquely as
M =LDL", (2.1)

with L = [A; ;] unit left triangular (Ax, = 1) and D = diag[dy] positive defi-
nite. The matrix L := LDY? is the left Cholesky factor of M. Equivalently,

R*MR =D (2.2)

and
M~ = RD™'R*, (2.3)

with R = [p; ;] = L™ unit right triangular. By abuse of terminology, we call
(2.1) the Cholesky factorization of M, and (2.2) or (2.3) the inverse Cholesky
factorization of M. (Actually, (2.3) is the reverse Cholesky factorization of
M~L) TIf either of these factorizations is known then the linear system
Mz = b can be solved directly with at most n? multiplicative and additive
operations (n? flops). Both factorizations are represented by the formula

T:=[rjx] :=MR=LD. (2.4)

In special cases, most notably when M is a Hankel matriz, M = [p1j11],
or a Toeplitz matriz, M = [p;_|, it follows from classical analysis that
these factorizations can be computed in O(n?) operations. We thus ob-
tain fast, O(n?), algorithms for solving Mz = b. In the Hankel case this
point is moot: positive definite Hankel matrices are notoriously severely ill-
conditioned (e.g., the Hilbert matriz with uj = fol Md)\ = 1/(k +1)). The
situation can be quite different for positive definite Toeplitz matrices (e.g.,
M = I, the identity matrix).

We now describe the orthogonal polynomials associated with M. It is
natural to number the indicies j and k from zero, and put

M = My = [Mj,k]?,k:o-
More generally, for later use,

My =[]ty e CF (0<k—1<n)



is the kth section of M, and likewise for Ry and Dj. The positive definite
matrix M determines an inner product < -, - > for the complex vector space
C,[A] of polynomials of degree at most n, on setting

<M N >i=pin (0<j<n0<k<n)

and extending < -,- > to all of (C,[)\])? by requiring that it be linear in
its second argument and conjugate linear in its first argument—Iike the
Euclidean inner product y*z for the complex vector space C" of (column)
n-vectors.

Now (2.2) states that the monic polynomials {1 }¢ defined by

Yr(N) = Z PN (2.5)

are orthogonal with respect to < -, >:

_ _J 0 J#k
<¢j7¢k >—{ 5k7 j:k

Thus, {¢x}§ is an orthogonal basis for C,[\], and the (k + 1)th column
of R contains the coefficients of the representation 9f Vg in terms of the
standard basis {M}2 for C,[\]. The columns of R := L™* = RD™'/?

likewise generate the orthonormal polynomials {zﬁk}g oy = wk/éi/z.
Finally, we see from (2.4) that

Tik = D HjiPLk
]
= Y <N MN>pp
1
= < )\j,lbk >= )\j,kék (26)
_ 0, j<k
2.2 Inverse Cholesky Factorization and Szeg6 Polynomials.

We henceforth assume that M = M* = [u;_]7,_q > 0 is a Toeplitz matriz.
The orthogonal polynomials {t}f are then called the Szegd polynomials
associated with M. They satisfy the Szegd recurrence relation

a1 = Mk + Vra1 Pk, (2.7a)



with ¢z (A\) = A, (1/)) the polynomial obtained from ), by conjugating
and reversing the order of the coefficients,

Yit1 = — < LAy > /O, (2.7b)

and
5k+1 = 5k(1 — \’yk+1]2). (2.70)

The numbers {v;}} are the Schur parameters associated with M. They
determine the Szegd polynomials by (2.7a); note also that v = ¢ (0). From
(2.7c) we see that |y;| <1 (1 <k <n). The Schur parameters are referred
to as reflection coefficients in the engineering literature, and as partial
correlation coefficients in prediction theory.

Although we shall not use the result in this paper, it is known that there
is a bounded nondecreasing function m(f) with

=L T By () dm @ A= el
<Bia>=oo [T a()dm@)., A=

See, for instance, [1]. The Szegd polynomials are thus “orthogonal on the
unit circle.”

Formulas (2.7b) and (2.7¢) follow rather directly from (2.7a), on using
the orthogonality and the isometry relation < 3,a >=< B/, a/\ >, valid
for a, 8 € C,[A\] with a(0) = 8(0) = 0. However, a matrix theoretic proof
of all of (2.7a-2.7¢c), based on the persymmetry of M, seems more efficient.
The matrix A € C™*" is persymmetric if it is invariant under reflection in
its antidiagonal. This means that A = AP := JATJ, where J := J, is
the n x n reversal matriz (obtained by reversing the columns of the n x n
identity matrix).

Put
My, my, Mo My
M1 =] =:
i [ my Mo ] l my My
so that
mg ‘= [M17N27 cee 7,u’k]T
and
my = Jpmy.
Also put
Rist — Ry 1y, N e ¥
k+1 = E Tk+1 = Sk



and
T = JipTk.

Equating last columns in My 1 Ryg11 = Lgy1Dypy1 gives
Myry +my, =0, (28)

MyTk + po = - (2.9)
Now
My, = J.ME Ty, = J My, Jj,

is persymmetric and Hermitian. Hence (2.8) is equivalent with the Yule-
Walker equation
my + M7 = 0. (2.10)

Now increase k by unity in (2.8) and use the second partitioning of My
to get

poVk+1 + MESk + fiprq = 0, (2.11)
mpYe+1 + Mygsi +my = 0. (2.12)
Subtracting (2.8) from (2.12), and using (2.10), we obtain
Sk =Tk + Tk Vh+1, (2.13)
that is,
0 1
Thal = [ +1 = 1%“- (2.14a)
Tk Tk

This is the Szegé recurrence relation (2.7a). Using (2.13) in (2.11) we find,
on account of (2.9), that

* Tk
Ok Vi1 = Myt 1

= - Zﬂ—j—lpgyk
J
= — <1, >. (2.14b)
Finally, by (2.9), (2.14a) and (2.14b),
Skt1 = Mo+ Tp Thit
~ T * Tk *
= o+ METR + M l 1 ] Vr+1

= 0(1 = s (2.14c)



Hence the Szegd recurrence relations (2.7a-2.7c) are equivalent with the
matrix formulation (2.14a-2.14c) which, in the context of Toeplitz systems,
is known as the Levinson-Durbin algorithm [21, 11, 14].

To solve the system Mx = b one puts

b
Myxyg = by, bpy1:= l ﬁlli 1 ; bpy1 =0,

and finds from zp1 = M,;rllbkﬂ that

Tk

$k+1:[ 0 +

,
1k ] Skt
with

Ek+1 = 17, 1)bg41/0k-

This algorithm applies in general to solve Mz = b when the inverse Cholesky
factorization of M is known; that is it makes no use of the Toeplitz structure
of M.

The work for this two-stage algorithm to solve M,z = b is about 2n?
flops, at most n? flops for each stage.

2.3 The Christoffel-Darboux-Szegé and Gohberg-Semencul
Formulas.

From (2.3) we see that the generating polynomial of M1 =: [3; ] is
En(A,T) = Zﬂj’k)‘ka*
= > he(Nk(r)".
k=0

It is possible to express k,, (A, 7) solely in terms of the normalized polynomial
1y, The unnormalized form of this result is

S (1 = AT kn (A7) = D (M) (T) = AT 0 ()b (7).

This is Szegd’s formula [26]. It is the analog for Szegd polynomials of the
Christoffel-Darboux formula for polynomials orthogonal on the real line. Its
inductive verification reduces to

V(N n (1) = V(N (T)* + (1= 1Y) et (NP1 (7)* = AT*n_1(\)hn—1(1)*],



which in turn is a direct consequence of (2.7a) and its equivalent:

Vky1 = Vr + Vi A

Setting now
Pn(X) = peA¥, Pk i= Pk
we see that
on(Bjk — Bj-1k-1) = Pn—jPrn—k — Pj—1Pk—1

where elements with negative subscripts are zero. Thus

onfjk = Z(P;+l—jl)n+l—k - ,Oj_l_1p};_l_1)
l

and so
S M~ =TTy — TyTY
with Toeplitz matrices
To = [pj—k-1]7 k=0
and
11 := [pntj—kl} k=o-

This is the Gohberg-Semencul formula [13]. Note that Ty is strictly left
triangular (p_; := 0) and 77 is unit right triangular (p, = pp, = 1).

2.4 Cholesky Factorization and Schur’s Algorithm.

We have seen that the Szegd recursions can be used to solve a positive defi-
nite Toepltiz system using the inverse Cholesky factorization as well as the
Gohberg-Semencul formula. We now describe an algorithm for finding the
Cholesky factors L,, and D,, of M, (also see [22]). We will see that this algo-
rithm is a manifestation of the classical algorithm of Schur. The algorithm
presented below is in direct analogy with the derivation of Chebyshev’s al-
gorithm [7] for positive definite Hankel matrices, as presented, for instance,
by Gautschi [12].

Extend the functional < -,- > to certain pairs of Laurent polynomials
by putting

<N N >= Wik, |7 — k| < n.

Then '
Tik =< M, >



and o
7~_j,k =< )\j,¢k >
are defined for 0 < k <nand —n+ k < j < n. In fact

0, 0<j<k
Tik=19 Ok, Jj=kK

and moreover,

k
) L
Fik = > pip <M ATT>
1=0

k
= O pijttr—i—j)*
i—0

k

= O pig <ATIN )
i=0

= <N g >r=1 0

Now the Szeg6 recursion gives

Tik = <M M1 >y <N, g >
= <N ho1 > wFie-1

*
= Tj-1,k—1 1T VETp—j_1k—1>

and letting j = 0 we obtain v = —7_1 k—1/0k—1.
Since LD = T := [ijk]?,kzo’ the following algorithm can be used to
obtain the Cholesky factorization of a positive definite Toeplitz matrix.

Algorithm 2.2. (Fast Cholesky Factorization).
input: M = [Nj—k]?,k:() > 0,
70,0 = Ho,
for j=1,2,...,n
Ti0 = Hjs  T—j0 = [,
for k=1,2,...,5—1
Tjk = Tj—1,k—1 + VkTh—j—_1 k—1
Th—jk = Th—j—1,k—1 T VkT;—1 k15
Vi = T/ Tj-15-1
7jj = Tj-1,-1(1 = |[%[?)




We now describe the classical algorithm of Schur [25]. The fast Cholesky
algorithm will then be shown to be equivalent with Schur’s algorithm.

Let D = {\ : |A\] < 1} be the open unit disk in the complex plane. A
Schur function ¢ is holomorphic on D with ¢(D) contained in the closure
D of D. Schur’s algorithm is a procedure that generates a (possibly finite)
sequence ¢, of Schur functions by transforming an initial Schur function
¢o by successive linear fractional transformations (LFT’s). In this way a
(formal) continued fraction representation of ¢q is obtained.

Let ¢ = ¢p be a Schur function, and put v = v := ¢o(0). Note that
|7| < 1, and moreover, |y| = 1 implies ¢(A\) = 7 (by the maximum principle).
In case |y| = 1, Schur’s algorithm terminates; if || < 1 define

_ 1 do—n
AL =0

To see that ¢; is then a Schur function, note that the Mobius transformation
(v+7)/(1 +~*7) maps D onto D with inverse function (7 —~v)/(1 — ~v*7).
The function (¢ —+)/(1—~*¢) is therefore a Schur function that vanishes at
A =0, so by Schwarz’ Lemma, ¢4 is also a Schur function. This construction
represents one step of Schur’s algorithm.

¢1

Schur’s Algorithm.
input: an initial Schur function ¢g,

Al :qb()(o)a
for n=1,2,3,... while |y,| <1
1 g1 (N) —vp

AL =751 (V)
TYnd+1 = ¢n(0)

Thus, ¢pn—1 = tn(¢py), where

Tn + )\7_
t =
n(7) 1+

and in general, g = T},(¢,) where T,, = tjoty0...0t,. This composition of
linear fractional transformations is n steps in the Schur continued fraction
representation of ¢g. We refer to T,,(0) and ¢,, respectively, as the nth
approzimant and nth tail of ¢g. The numbers ~,, are the Schur parameters
associated with ¢g.

We can therefore view Schur’s algorithm as producing a sequence of
Schur functions ¢,, or equivalently, as producing a sequence of LFT’s T},.

10



In Section 3 we will explicitly formulate Schur’s algorithm in terms of the
Ty.
In order to implement Schur’s algorithm, we write the functions as quo-
tients of power series,
an()‘) Zk an,k)\k

NSV S

Schur’s algorithm as formulated above involves an infinite sequence of ele-
mentary operations on infinite power series o, and (,. However, it is not
difficult to arrange the computations so that the coefficient pairs (aq n, 5o,n)
are entered and processed in a sequential manner.

Algorithm 2.3 (progressive Schur algorithm).
input: the coefficients {a,}22 , {Bn 52 of formal power series
a and 3 such that ¢g = /3 is a Schur function.
for n=1,2,3,..., while |vy,| <1
aon-1= -1, Pon-1= Pn-1,
for k=1,2,3,....,.n—1

H Okn—k—1 ] _ [ I = ] [ Ofp—1n—k ]
ﬁk,n—k —Yg 1 ﬁk—l,n—k

Yo = 0n—1,0/Pn-1,0,

an = (1= |wml),

| B0 = Bn-1,002.

Of course, in practice the first n coefficients of oy and Gy will be input ,
and Schur’s algorithm will be performed to obtain the first n — k coefficients
of the power series a, and i (and the Schur parameter ) for k =1,... n.

The following proposition provides the connection between Schur’s algo-
rithm and the fast Cholesky algorithm.

Proposition 2.1 Under the identifications o == —T_p_1;, and Bjj =
Titik,jr the fast Cholesky algorithm and the progressive Schur algorithm are
equivalent. In other words, Algorithm 2.2 applied to the Hermitian matriz
M, = [/Lj_k]gfk:o is equivalent with n steps of Algorithm 2.3 applied to a
function ¢9 = /By with the first n coefficients of g and By given by

[Tk 10l0"" and [7']:70]8_1, respectively.

The proof of this result follows immediately from the recursions. In

particular,
Th—jk | _ 1 - Th—j—1,k—1
Tik - 1 T 1 k-1

11



for 7 > k. The equivalence of the two recursions implies the numerator and
denominator of ¢g are the first n terms in formal power series ag and Gy
such that ag/fy is a Schur function. Thus, the computational procedure for
finding the Cholesky factorization of a positive definite Toeplitz matrix is
equivalent with Schur’s classical algorithm.

3 The Generalized Schur Algorithm.

3.1  Schur Polynomials.

Schur’s algorithm was described in the previous section as an iteration that
generates the numerators and denominators of the Schur functions ¢,. We
now reformulate Schur’s algorithm in terms of the LFT’s T, defined by

$o = Tn(dn). -
Let &, nn, &n, Tn be the polynomials such that

T (r) = SN F AT
(X)) + & (N)T

Yn + AT

Since To(7) = 7 and Tp,(7) = Tp-1(tn(7)) (Where t,(7) = 1T+ 77\
AT

have the recurrence relations

7~zn gn _ ﬁn—l gn—l A Yn 7?0 50 _ 1 0
En En—1 Mn-1 wmA 1] & 1o 0 1|’

The results of the following proposition are easily obtained by induction.

), we

Proposition 3.1 The polynomials 7, and &, satisfy
Ea(N) = NE(L/N),  ia(A) = X", (1/N).
Furthermore, for alln > 1,
deg(&n) <, deg(nn) < n,
&(0) =7,  m(0)=1.
We also have the determinant formula

nnﬁn - gngn = 5n)‘n7

where §, = 0203 - 02.

12



We refer to £, and n,, as the nth Schur polynomials associated with the
Schur function ¢g.

Thus, we may view Schur’s algorithm as generating a sequence of Schur
functions, or equivalently, as generating a sequence of Schur polynomials
which determine the LFT T,,. We now show that if the Schur function ¢g
is given as in Proposition 2.1 (where M is a positive definite Toeplitz ma-
trix), then the Szeg6 polynomials are determined by the Schur polynomials.
This will allow us to use Schur’s algorithm to obtain the Gohberg-Semencul
factorization of M 1.

By transposing the recursions for the Schur polynomials and applying a
diagonal scaling, we obtain

ﬁn gn/A _ A ’V:L ﬁn—l gn—1/>‘
An M A 1 Aén—1 -1 ‘

By the Szeg6 recurrence formula, we obtain

%n _ A Yn T;Zjn—l or ﬂjn _ A ’Y:L %n— 1
wn /\’y;kz 1 wn -1 ’ wn /\’Vn 1 wn— 1

From these recursions, together with the initial conditions

&/ I U1 1 1
)\51 m )\"}/1 1 ’ 1[)1 )\'yl 1 1 ’
we see that B .
Y, = T + En/ . (3.1)
Thus, Schur’s algorithm can be used to construct the Szegé polynomials.
3.2 The Generalized Schur Algorithm.

As we have seen, Schur’s classical algorithm generates a sequence of linear
fractional transformations 7;,. We now present a generalization of Schur’s
algorithm that allows us to generate T,.j from T,, where k > 1. The
following simple lemma is needed in our derivation.

Lemma 3.1 Let ¢pg = ap/Po be a Schur function, and let &, and n, be the
nth Schur polynomials for ¢o. Then

01— Boén = Bo.0nTns1 A" + O(N" )
Bofin — ton = Bo,08u A" + O(N1).

13



_ En + T

Proof: Since T,,(1) = >———, we have by the determinant formula
Nn + &nT
Tn(TO) - Tn(T) . Op A"
0T (nn + gnTO)(nn + gnT) .

Setting 79 = ¢, we get
On(Pn — 7)™
(T/n + (z)ngn)(nn + énT) '

Now let 7 = 0, and note that &,/n, = T),(0), 7,(0) = 1 and &,(0) = 0 to
obtain

¢ —Tn(r) =

OnPnA”

T + dnén

as A — 0. Similarly, setting 7 = co we obtain

_ ~ Op A"

fin = Gn =

M+ Onén
as A — 0. This completes the proof.

Let ¢9 = ¢ be a Schur function, and let ¢,, be the nth tail of ¢ (i.e., ¢y, is

the result of n steps of Schur’s algorithm starting at ¢g). Also let &, =&,

and 79, = 1, be the nth Schur polynomials of ¢q, so that ¢g = Tp n(Pn),

where

O —&n = = Y10 A" + O()‘n+l)

= 6, A" + O(A" )

_ SO,n + 7~70,717—
No.n + &o.nT

In order to construct Ty 41 = Tj4x we must first obtain ¢,, from Tp,
and ¢g. We have

To’n(T)

@ -1

(bn = 6_: = TO,n(

By Lemma 3.1 both the numerator and denominator in (3.2) are divisible
by A™. It is therefore natural to take

an = (0n0,n — Boon) /A", Bn = (Boflom — aoo.n)/\". (3.3)

Thus, formula (3.3) enables us to obtain the n-th tail ¢,, of ¢¢ from ¢y and
Ton-

Since ¢, is a Schur function, we can obtain T}, the LFT that re-
sults from k steps of Schur’s algorithm applied to ¢,,. We then have ¢, =

ag,  a@onNon — Bobon

Uy > 3.2
Bo Bomo,n — c0on (32

14



Tk (dntik), (ie., the kth tail of ¢y, is equal to the (n+k)th tail of ¢¢). Once
we have T, ., we can construct 1,4 by simply composing the LET’s. In
particular,

§on+k = N0,08nk + 0,00 k> N0tk = Eonnk + M0.07nk (3.4)

The generalized Schur algorithm is a doubling procedure based on the
recursions (3.3) and (3.4) that generates T, for n = 1,2,4,...,2P ... . As
in the case of the classical Schur algorithm, the computations are to be
organized so that the coefficients of the formal power series oy and 3y enter
in a sequential fashion. However, instead of entering one at a time, the
coeflicients enter in groups, each group being twice as large as the previous
one.

For the formal power series o, = Z;’;O an,j)\j , let agﬂ) denote the poly-

nomial Z?;& an N of degree less than k, and define ﬂT(Lk) similarly. We can
describe the algorithm as follows.

Generalized Schur Algorithm.
input: ag2p) and ﬁé2p), where ¢g = /0o is a Schur function,

o1 =M = @él)/ﬁél) Mo, =1,
for n=1,2,4,... 271

1. Compute OZ1(an), ﬁ'r(Ln), which are respectively given by the first n coeffi-
cients of the polynomials

(a((]2n)n0,n - 6(()2n)§0,n)/)‘n7
( (gzn)ﬁo,n - a((]zn)go,n)/)‘n'

2: Compute &, , and 7y, , from a%") and 51(171) as &o,n, and 1 , were obtained
from ag") and ﬁ(()"). (This is the doubling step.)

3: Compute

50,2n = ﬁO,ngn,n‘i'gO,nnn,m
No2n = £O,n£n,n+"70,n77n,n-

Recall that in the progressive Schur algorithm, the input polynomials

) (n—k)

a((]n and ﬂén) determine ay, and ﬁ,(gn_k) (as well as v, = ag0/0k0) for

15



k=1,...,n. By considering the doubling process of the generalized Schur
algorithm, we see that, given a(()n) and ﬂ(()n) where n is a power of two,
the number of coefficients of «; and G that are computed depends on the
binary representation of the integer k. For example, the first n/2 coefficients
of a, /o and 3,/ are calculated, while only the constant terms of ay and
O are calculated if k is odd. Nevertheless, all n Schur parameters v, =
Skl = oz](j) / ﬁ]il) are computed in the generalized Schur algorithm. This is
important because the Schur parameters are often of significance for physical
and mathematical reasons.

4 The Superfast Solution of a Positive Definite
Toeplitz System

The efficient implementation of the generalized Schur algorithm is achieved
by using fast Fourier transform (FFT) techniques to perform the polynomial
recursions (3.3) and (3.4). A detailed description of this procedure is given in
[2], where it is shown that the Schur polynomials &,, and 7,, can be calculated
using 2nlg?n + O(nlgn) complex multplications and 4nlg?n 4+ O(nlgn)
complex additions (where lgn = logy n).

The following algorithm describes the use of the generalized Schur al-
gorithm for the superfast solution of a positive definite Toeplitz system of
equations. This algorithm is equivalent with the superfast Toeplitz solver
that is presented by deHoog [10] and by Musicus [22] when applied to a
positive definite matrix.

Algorithm 4.1. Let M = [p; ]} _q = M* > 0 where n = 2”. The follow-
ing procedure will calculate the solution of the system of equations Mx = b.

Set apj == —pjy1; Bog == pi, (1=0,1,...,n— 1).
Phase 1: Use the generalized Schur algorithm to calculate &,, and 7,,. Then

obtain ), from equation (3.1).

Phase 2: Solve Mx = b using the Gohberg-Semencul decomposition of
M~! and fast Fourier transform techniques.

Phase 2 can be performed using O(nlgn) operations as described in, for
example, Jain [19]. Moreover, Phase 2 can be repeated to solve Mz = b
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for another right-hand side b. The technique of iterative improvement can
therefore be efficiently implemented in this algorithm. (Of course, this is
true of any algorithm that uses the Gohberg-Semencul formula in its solution
phase, as in [19] and [5].)

Thus, the algorithm of deHoog and Musicus applied to a positive definite

Toeplitz matrix is naturally described in terms of the generalized Schur
algorithm. This algorithm therefore shares the classical roots of many of
the fast and superfast algorithms.
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